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Lecturer: Csaba Szepesvari Note prepared by: Csaba Szepesvdri

Triston Grayston prepared a scribe of the September 29 lecture. Csaba Szepesvari prepared and
expanded the present notes.

Reading guide. Lecture 7 gave an example in which a small ReLU network represents a fixed
parity but direct perturbed population-gradient training has no reliable classification advantage.
This lecture first proves that result. It then changes the supervised task: running-parity labels
expose a repeated two-bit calculation whose final output is still the original parity. The path-star
example and a constructed transformer theorem show that retrieval and combination must also
be learned. The transformer theorem is included as optional reading because its assumptions and
three-update proof are useful for understanding the mechanism but are not needed for the parity
lower bound. A second optional section, added after class, summarizes how intermediate supervision
and a length curriculum can train a transformer on more general state-tracking tasks, and states
the restrictions of that guarantee. The prerequisites are Gaussian vectors, KL divergence, total
variation, Pinsker’s inequality, Hoeffding’s inequality, ReLLU networks, and the parity setup recalled
below.

8.1 The fixed-parity result

Let d € N and [d] = {1,...,d}. For fixed S C [d], write

xs(x) = ij, ze{-1,1}%

jes

Let X be uniform on {—1,1}¢, set Y = y(X), and write k = |S|.
A one-hidden-layer ReLLU network with m € N units has parameter

0 = (uy, w,,b)™, € RP, U, by €R, wy, € RY p=m(d+2).

We identify this tuple with the vector formed by concatenating its coordinates. Write [a]4 =
max{a, 0}, use || - || for the Euclidean norm, and let I,, denote the p x p identity matrix. The network
Ny : {—1,1}? — R and its signed correlation objective F': R? — R are

m

No(z) = upfw 2+ b4 (8.1)
r=1

and
F(0) = —E[Y Ng(X)]. (8.2)

Lecture 7 constructed a width-(k + 1) network representing xg. Thus the lower bound below
concerns optimization rather than representability. The title refers to the information available
to the optimizer. Each gradient coordinate is a label correlation with a parameter derivative of
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82 Lecture 8: The need for signal

the current network. For high-degree parity, these correlations are exponentially small at typical
Gaussian parameters, so the updates provide little information about which parameter changes
would reduce the risk.

For fixed 0, define the classifier and its risk by

ho(x) = sign(Np(z)),  Roi(hg) =P(ho(X) #Y),
where sign(0) = 1.1
Fix a number of updates T' € N, a learning rate n > 0, and a noise scale ¢ > 0. Let the RP-valued
random vectors Og, =g, ..., =7r_1 be mutually independent and independent of X, with

L(60) = N(0,5°1,), L(Z:) = N(0,0%1), 0<t<T.

Use the ReLU backpropagation rule a — I{a > 0} in the updates. The trained process and its
gradient-free comparison process are

@t—i-l = @t - nVF(@t) - Et, (83)
o ~e), o —of =, 5.

The following lemma compares the complete parameter trajectories. Its bound will let us transfer
a classification-risk calculation for the Gaussian walk to the trained network.

Lemma 8.1.1 (Path comparison). Let d > 30, A >0, m,T € N, and n,o0 > 0. Assume

m,T,n,0,0 " <d*, k> (2884 + 144)logd. (8.5)
Then
TV(E(@O, ...,07), L0, ... ,@59’)) < e~h/36, (8.6)

The Gaussian walk is symmetric under changes of sign of individual parameter coordinates.
Combining that symmetry with the path comparison gives the classification conclusion.

Theorem 8.1.2 (Classification advantage occurs with probability at most one half). Under the
assumptions of Lemma 8.1.1, for every v > 0,

1
) s g e, (37)
’IE[ROl(h@T)] — ’ < e R/, (8.8)

Proof. By Lemma 8.1.1, it suffices to establish the two risk bounds for the Gaussian comparison

parameter G = @gpo), with the e %/36 terms removed. We will show that Ro1(hg) and 1 — Ro1(hg)
have the same law.
Fix j € S. Let D; : R? — R? flip the jth sign:

Dj(.ill‘l, cee ,iL‘d) = (:nl, ey Lj—1y LGy Tjdly - e - ,[Ed).
Define the corresponding parameter map by

Jj : RP — RP, J]9: (uerijabT):"n:I'
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Lecture 8: The need for signal 8-3
Both maps are orthogonal involutions: D]TDj = DJZ = I; and J]TJj = JJ2 = I,. The identities
(Djw,)"x =w! Dz and j € S give
Nyo(x) = No(Djz),  xs(Djz) = —xs(z).
Changing variables z = Dz in the uniform input average gives
Roi(hye) =277 I{hg(Djx) # xs(x)}
T
=274 "T{he(2) # —xs(2)} = 1 — Ro1(ha).
2

Since £(G) = N(0, (T + 1)0%I,) and J; is orthogonal, £(.J;G) = £(G). Combining this invariance
with the risk identity gives

L(Ro1(ha)) = L(Roi(hy;e)) = £(1 = Roi(ha))-
Thus the classification-risk distribution is symmetric about 1/2. Hence

E[Ro1(ha)] = %, P<301(hc) < % - 7) = P<Ro1(hG) > % + 7> < %

The last inequality holds because the two events are disjoint. Total variation controls the difference
of event probabilities and of expectations of [0, 1]-valued functions. Applying Eq. (8.6) to these
functions of the final parameter proves both conclusions. O

Exercise 2 examines a tempting but incorrect alternative to this argument: flipping the signs of
every parameter. The coordinate transformation J; works because it corresponds exactly to flipping
one input bit.

8.2 Proof of the parity hardness result
It remains to prove the trajectory comparison in Lemma 8.1.1. The key estimate is an expected
gradient bound under a Gaussian parameter law. We first use this estimate to compare the

trajectories, then prove it by reducing the gradient coordinates to threshold correlations.

Lemma 8.2.1 (Gaussian gradient). Let © = (U,., W, B,)™, have independent N'(0,72) coordinates,
with 7 > 0. If d > 30 and k > 3, then

E[|VF(©)|] < 8mdre /5. (8.9)
In particular, if k > 721og(8mdr), then
E[|VF(®)|l] < e 7, (8.10)
and

P(|VF(©)] = e*/1%) < e /1%, (8.11)
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84 Lecture 8: The need for signal

8.2.1 From small Gaussian gradients to close trajectories

We use the Gaussian gradient estimate to prove the path comparison, restated here with its parameter
conditions.

Lemma 8.1.1 (Path comparison). Let d > 30, A >0, m,T € N, and n,0 > 0. Assume

m,T,n,0,0" <d*, k> (2884 + 144)logd. (8.5)
Then
Tv(c(eo, ...,07),£00Y, .. ,eﬁ”)) < ek/36, (8.6)

Proof of Lemma 8.1.1. We want to bound the total variation between the trained trajectory and
the Gaussian walk. Introduce a process that agrees with the Gaussian walk whenever its gradient is
small. For ¢ = e_k/ls, set

B, _ .. -8 o - _ )0, gl <e,
@0 = @0, et-i-l = @t — U[VF(@t)]E — O, [g]a = (812)
g, llgll >e.
For any process Vj, ..., Vp, write Vo.pr = (Vp, ..., V). Name the three trajectory laws
P=L(Gur), R=L(Oor), G=4L(©O2).
The triangle inequality gives the two quantities to control:
TV(P,G) < TV(P,R) + TV(R, G). (8.13)

The trained and auxiliary processes have close transition laws. We bound TV(P,R)
through KL. For a history g € (RP)*!, the recursions specify the following versions of their
next-step conditional laws:
Pi(- [ Jo:t) = L(Ow41 | Oo:t = Vo)
= N(’L9t — ’I7VF(1975), O'le),
Ri(- | Yot) = L(Ot41 | B0t = Dout)
= N (9 — n[VF ()], azlp).

These formulas define kernels from (RP)!*! to probability laws on RP. At the same history, their
means differ by

U(VF(ﬁt) - [VF(Q%)]E),

whose norm is at most ne. The KL formula for Gaussians with the same covariance gives

[\

s 2 n’e
D(Py(- | 904), Re(+ | Do) = EHVF(Q%) — [VE@)]||” < 257

The initial laws agree. Thus the KL chain rule gives

T-1

D(P,R) = ZEP [D(P¢(- | ©0:t),Re(- | B04))] <

t=0

TV(P,R) < ,/%D(P,R) < 7752‘?. (8.15)
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The auxiliary process agrees with the Gaussian walk with high probability. Use the
same initialization and increments for both processes, as in Eqgs. (8.4) and (8.12). On the event

I { max [VFO)] < s},

0<t<T

their trajectories coincide. Indeed, if ©; = @EO), then the auxiliary gradient is zero and both
recursions subtract Z;. Induction proves equality at every time on E. The coupling inequality
therefore gives

TV(R,G) < P(E°).

To bound P(E°¢), we apply Lemma 8.2.1 at each time. The independent Gaussian increments
give
£ =N, (t+1)0°L), T =0Vitl.
The parameter conditions in Eq. (8.5) imply, for t < T,
log(8mdr;) < log(8v/2) + (1 +5A4/2)logd < (4A + 2)logd < k/72.

Here we used m, o, T < d* and d > 30; the lower bound on k also implies k > 3. Thus the Gaussian
gradient estimate applies and gives

E[[VE@OM)|] <e?=¢2  P(IVEO)| >e) <e

by Markov’s inequality. A union bound now yields

P(E¢) = p(orgtang IVF(O)|| > 5) < (T + 1)e, (8.16)
TV(R,G) < (T + 1)e. (8.17)

Combining the two comparisons. Substituting Eqgs. (8.15) and (8.17) into Eq. (8.13) gives
TV(P,G) < (M +T+ 1) ek/18, (8.18)

The polynomial bounds on 7, T,0~! give

"\F+T+1 < 345472,

Finally,
54
log(3d°4/?) = log 3 + - logd < (84 + 4)logd < k/36.

k/36 —k/18 _ ,—k/36

Consequently, Eq. (8.18) is at most e , as claimed. O
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86 Lecture 8: The need for signal

8.2.2 Bounding the expected gradient one unit at a time

2

The path argument used the following estimate at variance 72 = (¢ 4+ 1)o2. We now prove it for any

7> 0.

Lemma 8.2.1 (Gaussian gradient). Let © = (U, W, B,)™, have independent N'(0,72) coordinates,
with 7> 0. If d > 30 and k > 3, then

E[|VF(©)|] < 8mdre */8, (8.9)
In particular, if k > 721og(8mdr), then
E[|[VF(©)[) < e /7, (8.10)

and
P(|[VF(O)|| > e F/18) < ¢=k/18, (8.11)

Proof of Lemma 8.2.1. We need to bound E[||VF(©)]||]. We start by calculating the derivative of
F' at some fixed parameter vector § € RP. Grouping the derivatives by hidden unit gives

IVEO)] = \| D (100, FO)2 + 00, FO)II + 5, F () ]2). (8.19)

r=1

We now turn to calculating the derivatives appearing in this expression. For this, let X be
independent of ©, with £(X) = Unif({—1,1}9).

For fixed 6, the objective in Eq. (8.2) is FI(#) = —E[xs(X)Ny(X)]. Differentiating this finite
average and using that for every z € {—1,1}¢,

zixs(T) = Xsagy ()

we get
9y, F(6) = ~Elxs(X)[w! X + b,]4], (8.20)
8brF(0) = _UTQS(wTabT)a (821)
O, F'(0) = —urgsaiy(wr, br). (8.22)

where for B C [d], the function ¢p : R? x R — R is defined by
qB(w,b) =Exg(X){w'X +b>0}], wecRYbecR. (8.23)

The identities stated for the derivatives hold whenever the preactivation margins are nonzero, which
occurs almost surely at Gaussian parameters.

We now show that the output-weight derivative also reduces to threshold correlations: since
2]+ = 2I{z > 0},

O, F(6) = —E[xs(X)(w, X + b;)l{w, X + b, > 0}]
d
= —brqs(wy,br) — Z wr,iQSA{i}(wra br). (8.24)
=1
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We now return to bounding E[||VF(O)||]]. Plugging © into Eq. (8.19), repeatedly applying
vz +y < y/x+,/y, and then taking expectation of both sides, then applying Jensen’s to move the
expectation under the remaining square roots yields

m

E[IVF(© Z( 0., FO)] + Ell0n, FOIF+ El0n, FOFT). (329

From our earlier expression for the partial derivatives with respect to the first layer parameters
(wr, b,) we see that we will need bounds on the expected value of qg(W,., B,)2. The reason the
partial derivative with respect to u, is treated differently will become clear momentarily.
Lemma 8.2.2, stated and proved below, gives
Elqp(W,, B,)?] < 8e~1BI/4,
Because |S| =k and |S A {i}| > k — 1 > 2, this inequality gives
Elgs(Wr, B,)%] < 8e ™1, Elgsan (Wy, By)?] < 8e= B0/ < 1167/,

For the output-weight term, Eq. (8.24) and Cauchy—Schwarz give

d
ZCISA{i}(Wr, B,)?

=1
87e M £ V11 dre ™ ® < Tdre/8, (8.26)

E[|0., F(©)|] < VE[BZElgs(Wr, Br)?] + 4 | E[IW |2 E

For the input weights and bias, U, is independent of (W,., B;). Thus Eqs. (8.21) and (8.22) give

E[|0y, F(©)%] = E[UA|Elgs(Wy, B,)?] < 8724, (8.27)
d

E[|0w, F(O)I1*] = 7 " Elgsagiy (Wr, By)?] < 11dre /. (8.28)
i—1

Substituting these bounds into Eq. (8.25) proves
E[||VF(©)|] < mre *8(7d + V/11d + 8) < 8mdre /%,

where d > 30 ensures the last inequality. If & > 72log(8mdr), then 8mdr < /7 and the bound
becomes e */9. Markov’s inequality at threshold e k/18 proves Eq. (8.11). ]

8.2.3 Why a Gaussian threshold has little correlation with parity

It remains to bound the threshold coefficients used in the gradient proof. Averaging their squares
over Gaussian parameters will turn the calculation into a polynomial expansion on the Boolean
cube. Every power of degree below | B| cancels.

Lemma 8.2.2 (Gaussian threshold correlation). Let (W, C) have law N(0,7%I4y1), with T > 0.
For every B C [d] with |B| > 2,
Elqs(W, C)?] < 8e~!BI/, (8.29)
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8-8 Lecture 8: The need for signal

Proof. To evaluate E[qg(W,C)?], expand the two copies of the input average. Let X, X’ be
independent uniform random vectors in {—1,1}%, independent of (W, C). All probabilities and
expectations in this proof refer to this joint experiment. Then

Elqs(W,C)% = E [XB(X)XB(X’)]P’(WTX +C0>0, WX +C>0|X, X')] .

For z,2’ € R? fixed, W'z + C,W Tz’ + C are centered Gaussian variables with common variance
72(d + 1) and covariance 72(2 "2’ 4+ 1). Their correlation is therefore (z'z' + 1)/(d +1). The
Gaussian orthant formula gives

4 27 d+1 (8:30)

Set Z; = X; X, and V = (143, Z;)/(d+1). The Z; are independent uniform signs, xp(X)xp(X') =
xB(Z), and E[xp(Z)] = 0. Hence

Elgs(W,C)* =E [XB(X)XB(X/) <1 + o aresin XX 1)]

E[g(W,C)?] = iIE[XB(Z) arcsin V.

27
To bound this expression, we use the Taylor expansion
L ¢ _r
arcsmv—Zagv , lv| <1, ag > 0, Zag— 5"
>0 >0

The series converges absolutely and uniformly on [—1,1]; Appendix 8.A gives the coefficients and
proves these properties. Absolute summability justifies exchanging the series and expectation, giving

Elqs(W, C)?] = % > aBxps(Z)V'].
£>0

We first eliminate every term of degree ¢ < |B|. Expanding (1 + >, Z;)¢, each monomial omits at
least one coordinate in B. Averaging over that independent mean-zero sign gives

E[xg(Z)V]=0, (<|B|. (8.31)

Since |V| < 1, for the remaining terms with ¢ > |B| we have |V[¢ < |[V||Bl and hence

E[V|#1].

NG

1
Elgs(W,C)?] < %;'aﬂuwﬂ <

We now bound this single moment. Hoeffding’s inequality gives

d 3d
IP’( z;z > 4> < 2e794/32,
On the complementary event,
3d/a+1 3 1 3 1
<oy )<= -
VIs =3 =1 ( T3y 1)) s 1P

where the last inequality used that 1+t < e'. Raising this bound to power |B| and using |B| < d+1
gives |V|!Bl < e!/3(3/4)IBI. Using [V| < 1 on the exceptional event, we conclude that

Elgs(W,C)?) < 7 (2679 1 M3(3/4)/%1) < g 15114

where the last inequality uses d > |B|, 9/32 > 1/4, and log(4/3) > 1/4. O
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Lecture 8: The need for signal 89

On the Boolean cube, the functions xp form the Fourier character basis. The character xp has
degree |B|. Thus Eq. (8.31) says that every polynomial of degree below | B| has zero coefficient in
the xp direction. This cancellation leaves only high powers of V| whose moments are exponentially
small. The scale 7 disappears because multiplying (W, C') by a positive number does not change the
threshold.?

8.3 Intermediate labels expose a repeated two-bit computation

The lower bound applies to direct training on the final parity label. To change the supervised task
while preserving its final answer, write z; = (—1)% with b; € {0,1} and define

z1 = by, Zi = Zi_1 D by, 2 < <d. (8.32)

XOR is associative, so z; = by @ -+ @ b; and (—1)*@ = x(g(x). Supplying 21, ..., zq during training
gives a label for every application of the same local rule. The following proposition gives that rule
explicitly and verifies that composing it solves the original parity task.

Proposition 8.3.1 (A local XOR rule composes into parity). The function
g(a,b) =la+bl; —2[a+b—1]1 +a+b—2]¢
equals a ®b on {0,1}2. If 21 = by and Z; = g(Zi_1,b;), then
Zi=bh @ 8b
for every i. In particular, (—1)% = X[q)()-

Proof. We prove the running-parity identity by induction. At 7 = 1 it holds because z; = b;. For
the induction step, we need g(a,b) = a @ b for binary a,b. Evaluating the ReLU expression at
a+b=0,1,2 gives 0, 1,0, respectively, which is exactly XOR. Thus, if the identity holds at ¢ — 1,
then

Zi=9(Zi—1,bi)) =2 1© b =b1 - Db;.

Taking ¢« = d proves the final claim. O

The recurrence in Eq. (8.32) defines the computation graph in Fig. 1. Each box applies the
same function g. If a neural network implements g and shares its parameters across positions, the
graph is an unrolled recurrent neural network:

E\i:ge(/z\’ifl?bi)a 2§7/§d

Manually assembling this graph supplies the routing between copies of the local rule. A sequence-
to-sequence model can instead produce z1,..., z4 with one shared model. The intermediate labels
then provide process supervision at every position, without training and composing a separate
model for each step. The model must learn both the local operation and which earlier value to
retrieve. At inference time it must also remain accurate when its own earlier predictions replace the
correct prefixes.

Fix the predictors after training. The following proposition relates their errors on correct prefixes
to the errors made when their own predictions are supplied as prefixes.
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OBNO () ()
O~~~ ~{—E

Figure 1: A computation graph for running parity. Associativity of XOR makes the final state equal
to the parity of all input bits. The repeated label gy indicates parameter sharing, as in a recurrent
neural network.

Proposition 8.3.2 (Local errors control the probability of a rollout error). Let (X, Z1.4) be a
random input and target sequence taking values in X x Z%, where Z is a finite output alphabet. For
fized predictors

gi: X x 275z, i€ [d],
define the rollout recursively by
Z; = gi(X, Z<y), i € [d],
where Z-1 and 2<1 are empty prefives. Define the teacher-forced error events
E;, ={9i(X,Z;) # Z;}, i€ [d].
Then

d
{Z1a # Zra} = U E;. (8.33)
i=1

Consequently,
d
P(Zg # Za) <P(Z1:a # Z1:a) < D P(ED).
i=1
Proof. We characterize the event that the first ¢ predictions are all correct. On {2<Z = Z.;}, the
two evaluations of g; have the same arguments. Hence
(Z1i= 214} = {Zei = Zoi} N EY.
Starting with the empty prefix and applying this identity successively gives
d
{Zv.a=Z1ra} =) B
i=1

Taking complements proves Eq. (8.33). Finally, {Zy # Zq} C {Z1.q4 # Z1.4}, and the union bound
gives the stated probability inequalities. O

Thus P(E;) < € for every i gives a final-answer error bound of min{1,dc}. To guarantee a

final-answer error at most ¢, it suffices to have ), P(E;) < d; equal per-step bounds of 4/d are one
way to ensure this.
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8.4 The path-star task hides parity in its first decision

A path-star graph consists of several directed paths that share a center. An example supplies the
shuffled edge list, the center, a designated leaf, and the center-to-leaf path. During forward teacher
forcing, the model receives the true preceding path token. Once the first edge has been chosen, each
internal node has a unique outgoing edge along its arm. A predictor can therefore learn almost
every next-token prediction while still guessing which arm contains the goal.

The remaining first decision can encode full parity. Given bits b1,...,b;—1, use vertices
—q,...,—1,0,1,...,q. Connect 0 to both 1 and —1. For 1 <i < ¢, add

‘ edge from ¢ edge from —1
i—i+1  —i——(i+1)
i——(+1) —i—i+1.

b;=0
bi=1

Figure 2 shows the construction for three bits. It also marks the first branch that must be chosen
to reach the designated goal.

by =1 by =0 bs =0

o 1) (DD (Do
J @——0

0—-1—2—>3—4

Figure 2: The two-arm path-star for (by,be,b3) = (1,0,0). The highlighted path reaches goal 4.
Since 1@ 0@ 0 =1, its first vertex is —1. Each later step follows a unique outgoing edge.

Each bit equal to one switches the sign of the current vertex. Therefore the path that starts
with s € {—1, 1} reaches the leaf sq(—1)1++ba—1. To reach the goal g, its first step must be

]-a bl@"'@bqflzoa (834)
—1, L@ Dby = 1. '

Predicting the correct first edge on every graph in this family computes full parity. The example
separates high average teacher-forced accuracy from learning the decision needed to generate the
correct path. Backward or intermediate supervision reveals information about the goal arm before
the first forward decision.

8.5 Optional reading: a constructed transformer learns retrieval
and XOR

The composition in Section 8.3 supplied the connections between copies of the XOR rule. A sequence
model must learn which input to retrieve as well as how to combine it with the current state. The
following construction trains both components with intermediate labels. Its three updates have
distinct roles: create a retrieval signal, concentrate attention, and fit the local output rule.
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The supervised sequence. Keep d for the number of input bits. Fix
I={d+1,...,d+k}, s : Z — [d] injective, S =s(7).
The teacher chooses s and supplies sequences with the running parities
ba+1 =0, bit1 =bi ®byy), €T (8.35)
Thus batr+1 = Djes bj- Let
By ={be {0, 1} by =0, big1 = b; @ by(yy for all i € T}

The training law Pcor is the law of the random sequence B = (By, ..., Bgtk+1) obtained from
independent uniform input bits By, ..., By and the recursion in Eq. (8.35). The student receives
these sequences; s is learned from them.

At position i, the model receives the correct prefix b1.; and predicts b;11. We use the signed label

yl(b) = 2bi+1 —1€ {—1, 1}

A positive prediction score represents bit 1. Supplying the correct prefix at each supervised position
is teacher forcing.

The model. Let D € N be the embedding dimension and m € N the feed-forward width. For
each position i € [d + k] and bit a € {0,1}, draw an independent frozen embedding e; , € RP with

Lleia) = Unif({—=D7V2, D7V2P) 0 wi(b) = eqy,.

The trainable attention matrix is A € RP*P . Its scores, causal attention weights, and retrieved
vector are

Sji(A; b) = Uj (b)TA’Ul(b),
exp s;;(A; b)

aji(4;5) > p—1exp se(A;D) J=t
ci(A;0) = aji(A; b)v;(b). (8.36)
j=1

Set aj; = 0 for j > 4. The two arguments of the local computation enter separate blocks of the
feed-forward weight matrix:

W = [Wtok Watt] c RmX2D’ Wtok, Watt c Rme‘
With fixed h € R™, the score at position i is

fwa)i=h" [W (cQEAb)b)H . = R0 (b) + Wt (A; b)) 4. (8.37)

Here ReLLU acts coordinatewise. Concatenation gives the feed-forward layer separate access to the
current token and the attention output.
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Initialization and training. The initialization is designed so that the current token selects the
ReLU gates before attention contributes to the score. For an even width m and an amplitude € > 0,
set

A(O) =0, (Watt)([)) =0,

(WtOk)g?:) = Z Z VriaCi, s L(Vriq) = Unif{—e, €},

i€Z a=0
B {l/m, 1<r<m/2,

;= (8.38)
—1/m, m/2<r<m.

All v,; o are independent of one another and of the embeddings. The embeddings and h remain
fixed. Both W and A are updated.
For one sequence, the hinge loss summed over supervised positions is

W, A;0) = > LW, A3b),  Li(W, A;b) = [1 — (D) fw,a(b)il+-

i€l

For each ¢t =0,1,2, draw a fresh batch of n independent sequences B®Y . B with law Poor.
The three batches are mutually independent and independent of initialization. With ¢ = (W, A),
define

F,(W, A) Ze (W, A;BEa)y 9t — 9O _ o T E, (9®), (8.39)

The gradient updates all entries of both matrices at each step.

The next result states parameter scales for which these three simultaneous updates learn every
supervised prediction and the required retrieval map. All asymptotic statements concern sufficiently
large d.
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Theorem 8.5.1 (Three-update parity learning under structured initialization). Fiz ¢ € (0,1/2)
and a sufficiently small constant € > 0, and set A = log(d/d). Suppose

d d
amsksqr

There are absolute constants Chyatch, Cinit, Cinal > 0 such that the model, initialization, and updates in
Eqgs. (8.36) to (8.39), with
D =T[kA™1  m =4k,  n=[Chatene 2dA>],

mey/n
M0 =1 = Cinit—— 12 = ChinalKE,

satisfy, with probability at least 1 — 0,

Yi(0) fy ) a ()i > 0,

Ay > 1 for every b € By and i € T. (8.40)
Qs(4),i 30) =2 1=

The probability includes the random embeddings, initialization signs, and three training batches.

The first inequality gives the correct next bit at every correct prefix. Starting from the supplied
input and bgz4+1 = 0, induction therefore gives the correct entire running-parity sequence during
generation. All three batches have the same sequence length d + k + 1.

Proof outline. We need to establish correct retrieval and a positive signed output at every supervised
position. The proof tracks these quantities through the three updates. We give the gradient identities
and the estimates that connect the steps; the accompanying concentration arguments are in the
source identified in the bibliographical notes.

For fixed b € B;, abbreviate v; = v;(b) and cgt) = ¢;(A®; b). Define the preactivation of unit 7 by

pLB) = (W) Do+ (W) Ol

-
We will use the diagonal gate matrix

Fig= diag(]l{ynm >0}:re [m})

First update: the feed-forward weights acquire a retrieval signal. At initialization,
A©) = 0 gives uniform attention:

aji(A(0)§ b) =

S|

1 (0) i
AL R DL
j=1
The initialization separates the matching embedding from the remaining terms:

P (b) = vy, + Y vrjal€ia€in)-
J€Z, ac{0,1}
(J,a)#(4,b:)

Concentration of the random sum gives, with high probability,

A0 0) — il S/t = Hp®) > 0} =y, > 0}
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Thus the gates are I';p,. Since (W2*)©) = 0, the chain rule gives
VaFy(W® A0y =9, AW =,

The output bounds give | fy ) aw ()il <1 at each gradient evaluation ¢ = 0,1,2. Hence the hinge
derivative is —y;(b). At the first step the gradient through the attention-input block is

Vipaee by (WO, AO: by = gy (1), h(c V). (8.41)

Why does this gradient identify the required bit? Fix the initialization. For a with Pcor(B; =
a) > 0, independence of the fresh input bit By from the preceding running parity gives

Epo [i:(B)u;(B) | Bi=a] = { 2 (©®1~ o) J=s0), (8.42)
0, j<i, j#si).

Substituting A0 =1 >_j<; vj into Eq. (8.41) therefore yields

_1 a
—Epoyr [Viwraeeliy( W, AQB) | B; = a] = (Qi)ri’ah(es(i),l — ex(i)0) -

The displayed expected gradient supplies the supervised signal for retrieving position s(i). The
finite batch analysis controls the sampling error and the sum of contributions from the different
output positions.

Second update: the retrieval signal trains attention. The first update makes (W?t)(1)
nonzero. The derivative of the score with respect to the attention output is now the vector

5(1) — ((Wa“)(l))Tth c RD.

i,a
For the active hinge loss, the chain rule and softmax derivative give

Vali = —yi(b) D (8L, v)V aays,
j=1

VAOlji == Olji('Uj - ci)v-T. (843)

)

Both derivatives are evaluated at (W(l), A(l)). The alignment acquired in the first update now
increases the attention score of s(i). The main estimate for the second update is a uniform score gap

AP () = 5461 (A?):b) — max 5;:(A®;) > 20log d.
IS
J#s()

The simultaneous feed-forward updates are controlled through the preactivations. The proof
bounds, uniformly over 7,1, b,

P ®) — vl <e/a, 1PN ) = A 0) < e/d, t=1,2.

Since |vy;p,| = €, the gates remain I';p, through both preparatory updates. These inequalities
quantify why the changes in attention and in the feed-forward weights can coexist.
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Third update: the retrieved bit determines the local output. A score gap A implies
Z#S(i) eXP(sz‘ - Ss(i),i)

1+ Zj;és(i) exp(sj; — Ss(i),i)
< (i—1)e 2.

1=y, =

With ¢ < d+ k < 2d and A > 10logd, this is at most d~8. Since every embedding has norm one, it
also gives
lei = estiy by | < 201 = gy ) < 2d47°

The feed-forward input is therefore close to the pair (e;p,, €5, w). Its target is the four-case map
(bis by(i)) = bi @ by(s)-
The third update fits this map. The final estimates have the form

€ €
fw(:s),A(:s)(b)i - gyz(b) < 3 Af-?’)(b) > 10logd.

The first inequality gives y;(b) fW(3)7 43 (b)i > 0; the second preserves the retrieval bound during the
final simultaneous update. The initialization and batch concentration estimates make the bounds

hold jointly with probability at least 1 — 4. O

The frozen embeddings, concatenated inputs, zero attention branch, hinge loss, and three pre-
scribed learning rates are substantive assumptions of this construction. Its range k < d/log*(d/d) < d
covers sparse parities. The full-parity construction in Section 8.3 has k = d and supplies the retrieval
connections explicitly.

8.6 Optional reading: process supervision and a length curriculum

The running-parity construction suggests a broader question: can a model learn a local state update,
retrieve its arguments, and repeatedly apply it to solve a longer computation? The following results
give optimization guarantees for this approach on a family of synthetic tasks. They extend the
positive examples beyond XOR, and give a role to increasing the context length during training.

The task and supervision. Let ) be a finite state set and G a finite group of permutations of
Y: a set of invertible maps containing the identity and closed under composition and inverses. A
state-tracking task asks for the result of successive updates

ye = gt(ye-1), t=1,...,L (8.44)

The input consists of formal assignment instructions a; = g¢(a;—1) and an initial assignment ag = yo,
where the a; are distinct variable identifiers from a set A. The supervised answers are a; = y; at
every step. Each instruction and answer is encoded as a five-token clause:

(at7gt7at—1)J—7J—)7 (J—7J—7J—)at)yt))

where | is a blank token. Thus the representation already separates the roles of identifiers, actions,
and states.

For the training and evaluation experiment, choose identifiers Ay, ..., Ay from A uniformly
without replacement, Yy uniformly on ), and Gy, ..., G independently and uniformly on G. These
three choices are independent. Set Y; = G¢(Y;—1). Let C' contain all instruction clauses and the
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initial assignment, and let Z; denote the correct answer clause at step t. For parameters 1, write
po(z | ¢, z<¢) for the model’s probability of answer clause z. Its population log-loss objective and
teacher-forced accuracy are

L
Loss(¥) = Y E[~logps(Z | C, Z<1)),
t=1

L
ACCL(ﬁ) = %ZE[pﬁ(Zt ’ C, Z<t)]. (8.45)
t=1

The accuracy averages the probability of sampling the correct next clause when supplied with the
correct preceding clauses.

Architecture and training restrictions. The vocabulary consists of the identifier, action, state,
and blank tokens; let M be its size and r = |)|. In the parameter regimes below, the identifier set
has size |A| = ©(M). The model has one attention layer followed by a feed-forward network (FFN).
The following choices are part of the construction and its analysis.

e Nonblank tokens have fixed orthonormal embeddings in RM: the blank embedding is zero.
Concatenating the five embeddings gives one vector in R°™ per clause. There is no positional
encoding.

e Attention uses scores u' Qu, for clause embeddings u, v. Partition @ into M x M blocks. Only
(43 and @4 4 are trainable; all other blocks are zero. These blocks compare the current identifier
with an instruction’s input identifier and an answer’s identifier. Initialize Q = 0, giving uniform
attention.

e There are m hidden units for each output slot and vocabulary token, with » < m and m =
o(log? M). Their input weights have independent Gaussian coordinates of variance 1/M; biases are
fixed at M —1/2 log M and output coefficients at one. The five output distributions are multiplied
to form the next-clause kernel.

e The FFN analysis uses a prescribed modified smoothed-ReLLU activation and clips logits above a
constant times log M. For the state-output neurons it also freezes the weight blocks receiving
identifier slots 1,3,4. The action and state slots 2,5 supply the trainable inputs to those neurons.

e Training uses exact population gradients. First train the FFN on length 1, holding ¢Q = 0. Then
freeze the FFN and train attention on length 2, using the log loss for the state token. Suitable
learning rates are inverse polynomial in M the prescribed numbers of updates are polynomial in
M.

At length 1, the context contains exactly the instruction and the initial assignment. Uniform
attention therefore supplies both arguments of the local update. Freezing the learned FFN then
makes retrieval the remaining optimization problem. This training schedule explicitly controls the
interaction between the two components.

Two optimization guarantees. Here are the reported guarantees for this construction, sup-
pressing the polynomial exponents. Their initialization estimates hold with probability 1 — o(1) as
M — .

Last revised: 2026-10-09 23:46 UTC-07:00



8-18 Lecture 8: The need for signal

(i) Learning on lengths 1 and 2 can suffice. An action is simply transitive if for every pair
v,y € Y there is exactly one g € G with g(y) = v/. With

Qloglog M) < r <log M, |G| =,

training the FFN on length 1, followed by attention training on both answer positions of
length 2, yields parameters 9, for which

1—Acer(9,) < M~ forall L< O(M®), 0<c<l, (8.46)
for a fixed constant c. Cyclic shifts on r states give an example of such an action.

(ii) A length curriculum can extend the guarantee. A length curriculum increases context
length across training stages. Take G = Sym()), the group of all permutations, with

T:@< log log M

_OBl08M — 71 = polylog M.
logloglogM>’ |G| = = polylog

After the initial FFN training, train attention on the second answer of a length-2 problem.
Subsequent stages use context lengths L = 2¥. At each stage the preceding model greedily
generates the first two answer clauses; attention is trained on the second state token with
these generated labels and prefixes. The FFN remains frozen. For a sufficiently small
inverse-polynomial population-loss threshold, the resulting parameters 9y, satisfy

1—Accr,,,(0)) < M~V Ly =210, (8.47)

whenever that length is admissible. After O(log M) stages, the guarantee covers lengths up
to |A| —1 = 0O(M). The restriction L + 1 < | A| comes from sampling distinct identifiers.

The permutation task includes an NC!'-complete family of computations.® Thus the positive
optimization results extend to a substantially broader class of repeated computations. The complexity
classification concerns worst-case inputs; the learning guarantees average over the specified random
inputs. The proof separates learning the local operation from learning attention that retrieves its
arguments reliably among increasingly many irrelevant clauses.

From next-clause accuracy to a generated trace. Fix trained parameters ¥ and generate
Z1, ..., 21, using py on its own preceding outputs. To bound the probability of a mistake, condition
on the input C'. The correct trace is determined by C, so

L
P(Zip = Z1. | C) = [[po(Z0 | C, Z<y).
t=1
For numbers a; € [0,1], 1 — [, a; <> ,(1 — a;). Taking expectations therefore gives
P(Z1., # Z1.r) < L(1 — Acer(9)). (8.48)

This is the sampled-generation version of the first-error argument in Proposition 8.3.2. A whole-trace
error at most § follows when 1 — Accy, < 0/L; the error exponent and the generated length must be
compared before claiming reliable complete traces.
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What this supports about process supervision. The result makes a concrete positive case:
intermediate labels can train a reusable local operation and its retrieval rule, and a curriculum can
extend the contexts in which they work. The guarantee applies to the full construction: synthetic
uniformly sampled tasks, exact initial traces, structured embeddings and attention, the modified
FFEN, and staged population optimization. Its self-training guarantee starts from the accuracy
obtained in the supervised stages. Extending it to finite batches, simultaneous training of all
components, or less structured data requires further analysis. The contribution is an optimization
guarantee for this way of teaching a multistep computation. A separation from final-answer-only
training would additionally require a lower bound for the same model and data regime.

8.7 Take-home messages

e At isotropic Gaussian parameters, every parity-dependent gradient coordinate is controlled by a
high-degree threshold correlation. Averaging over the parameter law makes the complete gradient
norm exponentially small.

e The Gaussian comparison walk has small gradients at every step with high probability. The KL
chain rule, Pinsker’s inequality, and a coupling show that the trained trajectory has nearly the
same law. The symmetry obtained by flipping a parity input coordinate gives the classification-risk
bounds.

e Running-parity labels replace one degree-d final target by repeated examples of a two-bit rule
while preserving the original final answer. Associativity expresses this calculation as a recurrent
computation graph.

e Sequence-to-sequence prediction permits process supervision within one shared model; it does not
require composing separately trained models. The model must still retrieve the correct arguments
and control error during rollout. The path-star reduction and the three-update transformer
theorem isolate these additional requirements.

e The transformer theorem proves that the components can cooperate under a structured architec-
ture, initialization, and update schedule. These assumptions limit what the theorem says about
ordinary training.

e For structured state-tracking tasks, process supervision can train a local update and its retrieval
rule; a length curriculum can extend the supported context lengths. The guarantees concern
population optimization with staged training, and their next-step accuracy must be converted to
a rollout bound before asserting reliability of a complete computation.

Endnotes

1. Zero network outputs. Gaussian parameters can give the network output positive probability of
being zero. For each fixed z, the m independent centered Gaussian margins are all negative
with probability 27™; on that event every ReLU is zero. The proof of Theorem 8.1.2 works
with either fixed binary value for sign(0).

2. General activations. Exercise 3 asks you to extend the lower bound using the nonnegative series

coefficients of Gaussian activation kernels, parity cancellation, and bounds on Gaussian second
moments.
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3. The class NC! consists of decision problems computable by polynomial-size, bounded-fan-in
Boolean circuits of depth O(log L). Deciding whether a product of permutations on a fixed set
of at least five states is the identity gives a complete problem under appropriate reductions.

Bibliographical notes

The fixed-parity lower bound, Gaussian threshold estimate, Gaussian-gradient bound, and trajectory
comparison are based on Shoshani and Shamir [2025]. The running-parity transformer theorem
and its three-update proof are from Wen et al. [2025], Theorem 3 and Appendix B.4-B.5. In
Section 8.5, d denotes their input length, D the embedding dimension, m the full feed-forward
width, and n the number of examples per batch. The constants in the hyperparameter choices
are suppressed; the dimensions, initialization, loss, and three simultaneous updates are explicit.
The concentration estimates omitted from the proof outline control the embedding inner products,
initialization gates, and batch correlations. Kim and Suzuki [2025] prove a different positive result
using a tree-structured parity decomposition in another simplified transformer model. The path-star
reduction and the forward-prediction shortcut are from Hu et al. [2025].

Section 8.6 summarizes Huang et al. [2025], Theorems 4.1 and 5.1, Corollary 5.1, and Algorithms
1-2. Our M is their vocabulary size d; our r is their state count n,. The accuracy in Eq. (8.45)
is their equation (5). The architectural, initialization, and distribution restrictions are in Section
3; the additional frozen FFN blocks and modified activation are in Assumptions B.1-B.2. These
appendix restrictions matter when interpreting the main theorems’ training claims. Their Theorem
2.1 discusses the complexity of the permutation task. Equation (8.48) records the elementary
conversion to sampled whole-trace accuracy used in these notes.

Exercise 3 asks you to extend the fixed-parity argument to general activations. The Gaussian
kernel expansion supplied in the exercise follows from the Hermite expansion identity in Daniely et
al. [2016], Section 8.

Exercise 2 contrasts the input-coordinate symmetry used in Theorem 8.1.2 with a global
parameter sign flip.

Exercise 5 asks you to identify the derivative features whose label correlations determine a
gradient step, and to quantify the sampling error in estimating one correlation. Exercise 6 develops
the signed, bias-free single-neuron squared-loss example from Shoshani and Shamir [2025]. Its
supplied estimates are the zero-bias Gaussian threshold bound and the majority coefficient used
in their weak-learning construction. Exercise 7 asks you to prove convergence when learning the
output weights of a fixed two-bit gate, and then compose the learned rule.

The memory theorem supplied in Exercise 8 follows from Lyu et al. [2023], Theorem 6 and the
sparse-parity example in Section 3.3. It concerns recovery of a uniformly unknown subset from
random examples. Wen et al. [2025], Theorem 2 and Appendix B.3, apply this type of memory
bound to finite-precision transformer training.

Glossary

Fourier character

For B C [d], the Boolean-cube function xp(x) = [[..5 ;. Its degree is |B|.

jEB

Gaussian comparison walk
The parameter process obtained by retaining the Gaussian initialization and increments while
deleting the gradient drift.
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Hinge loss
For a score f and signed label y € {—1,1}, the loss [1 — yf]+.

Intermediate supervision
Training labels reveal intermediate computations whose final result is the original target behavior.

Computation graph
A directed graph whose nodes are intermediate values or operations and whose edges specify
which computed values are supplied to later operations.

Parameter derivative features
The coordinates of ®g(x) = VyNy(x). Their label correlations determine the correlation-objective
gradient.

Running parity
The partial XOR z; = b1 ® --- D b;.

State tracking
Computing successive states y; = ¢g¢(y;—1) from an initial state and a sequence of operations.

Simply transitive action
A group action for which exactly one group element sends any specified state to any other
specified state.

Length curriculum
A training schedule that increases the sequence or context length across stages. In Section 8.6,
longer contexts train retrieval while the learned local update remains fixed.

Teacher-forced accuracy
The average probability of a correct next prediction when all supplied preceding answers are
correct; see Eq. (8.45).

Streaming learner
A learner that processes examples in order while retaining a bounded state between examples.
A g-pass learner traverses the same sequence ¢ times.

Teacher forcing
Training each next-token prediction using the correct preceding tokens.

Teacher-forced error
An incorrect prediction when the correct prefix is supplied: F; = {g;(X, Z~;) # Z;} in Proposi-
tion 8.3.2.

Transition kernel
A law for the next state at each history. Here Py( - | J9.1) and Ry( - | J¢.1) are Gaussian conditional
laws.

Trajectory law

The joint law of the complete parameter sequence from initialization through the last update.
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8.8 Exercises

General instructions. Justify every answer, including yes/no answers, even when the question
does not explicitly ask for a justification.

Exercise profiles. Filled mountains show difficulty on a four-mountain scale: one is a direct
application, two uses a familiar method, three combines ideas, and four is a substantial challenge.
Filled cogs show technical load on a three-cog scale: one is light, two is sustained, and three is
dense. Filled hourglasses show estimated time: one is under 20 minutes, two is 20-45 minutes,
three is 45-90 minutes, and four is more than 90 minutes. Pale pictograms show the unused part of
each scale. The work row uses the canonical order 8 proof, B calculation, P construction, </»
computation, and Q interpretation; pale icons mark work types not used. @ marks the intended
learning outcome. Time estimates cover the non-optional parts. Ratings are not prerequisites or
grading weights. A superscript asterisk marks an exercise based on supplementary lecture material;
it is not a difficulty rating and does not make the exercise optional when assigned.

Exercise 1: From small gradients to close trajectory laws.

© Combine Gaussian KL, Pinsker’s inequality, and a coupling to compare two stochastic optimization
trajectories.

Let F : RP — R be differentiable, and fix T' € N, 5,0, > 0. Let the RP-valued random vectors
O, =0, ..., =27_1 be mutually independent, with

L(60) = N(0,5°1,), L(Z:) = N(0,0%1).

ol — {o, lgll < e,

Define

9, llgll >e,

and, using the same initialization and increments, define three processes by

Orr1 = O —nVF(0y) — Ey,

9 = Oy, O111 = 0; —[VF(6y)]: — &y,

o =0, oY -e"_-z, o<i<T
For any process Vp,..., Vp, write Vo.r = (Vo, ..., Vr). Let

P=L(®ur), R=L(Oor), G=°rO).
Suppose

IP< max |[VF(©!"))] > £> <.
0<t<T

(a) For a fixed common history 9y.;, compute the KL divergence between the next-step Gaussian
kernels of P and R. Use the KL chain rule to prove

Tn?e?
D(P,R) < —/——.
( Y ) — 20_2

(b) Apply Pinsker’s inequality to prove

ner/T

TV(P,R) <
V(P.R) < 1E
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(c) Couple the auxiliary process and the Gaussian walk by using the same initial condition and
Gaussian increments. Prove TV(R, G) < 4.

(d) Combine the two bounds to obtain a bound on TV (P, G). Then, for positive d, A, k, substitute
e=e k18 5= (T +1)e */18 and
ﬂ LT 4+ 1< 3d5A2 3542 < (k/36
20 - ’ - ’
to prove
TV(P,G) < e /36,

HinTs For (a), Gaussians with common covariance ¢?I and means p,v have KL divergence
i — v||?/(202). For (c), use the defining rule for the clipped gradient and argue by induction on
time.

Exercise 2: Why a global parameter sign flip is the wrong symmetry.

© Distinguish a tempting parameter transformation from the input-coordinate symmetry used in the parity
lower bound.

Consider
m

No(z) = ufwlw+ble, 0= (ur,wp,bo)iy,
r=1

and let hg(x) = sign(Ng(x)), using either fixed binary value for sign(0). Let X be uniform on
{-1,1}¢ and Y = xg(X) for a nonempty S C [d].

(a) Let GO = (—uy,—w,, —b;)" 1. Write Ngo(z) in terms of the original parameters. Give a
width-one example for which Ngg(z) # —Ng(x).

(b) Fix j € S. Let D, flip the jth coordinate of a vector and set
Jj(g == (ur, Djqu, br);nzl.

Prove
NJjg(.r) = Ng(Djx) and R()l(hJjQ) =1- R01 (hg)

(c) If a random parameter vector © has an isotropic Gaussian law, explain why £(J;0) = L(©).
What symmetry does this imply for the law of Roy;(heg)?

HINTS For (a), recall that ReLU is not an odd function. For (b), change variables z = D;x in the
uniform average over the Boolean cube.

Exercise 3: Activation properties behind the parity lower bound.”

© Identify the kernel expansion and moment bounds that make the parity obstruction persist across activation
functions.

Let d > 30, fix S C [d] with k = |S| > 2, and let X be uniform on {—1,1}?. Replace the ReLU
activation in Section 8.1 by a continuously differentiable function ¢ : R — R:

No(z) = upd(w/x+b,),  F(0) = —E[xs(X)No(X)].
r=1
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The parameter vector is 6 = (u,, wy, by)/"; € RP, where p = m(d + 2). For a function ¢ : R — R,
define
qp(w,b) = E[xp(X)d(w X +b)],  BCId, (w,b) R xR

Let G be standard normal and, for 7 > 0, write
sr=mVd+1,  My(r) =E[(s,G)?.

You may use the following Gaussian kernel identity without proof. Whenever My (7) < oo, there
are coefficients ay > 0 such that, for a centered jointly Gaussian pair (G, G2) with unit variances
and correlation p € [—1,1],

E[(s:G1)Y(s:G2)] Zagp , Zae =

£>0 £>0

You may also use the moment estimate from the proof of Lemma 8.2.2: if Z is uniform on {—1,1}¢
and V = (14>, 7;)/(d+ 1), then

E[VP] <de™/*,  1<j<d.

(a) Let (W,C) have law N(0,7%I441), independently of X. For every nonempty B C [d] and every
Y with My (1) < oo, prove
Elq% (W, C)?] < 4My(r)e 1B/,
Identify the roles of parity degree, nonnegativity of the kernel coeflicients, and their finite sum
in your argument.

(b) Let £(©) = N(0,721,) and assume My(7), My (1) < oo. Derive the partial derivatives of F
and prove
E[|[VE(©)[* < 4me™ ¥~V (My (1) + (d + 1)7* My (7).

(c) Use the initialization and independent Gaussian perturbations from Section 8.1 to define the
processes in Egs. (8.3) and (8.4) for this objective. Write

P=L(O,....,0r), G=c0, ... 0" r=0cvitl

Assuming the moments in part (b) are finite at every 7;, prove

\/» T-1 1/2
TV(P,G) 77 k 1)/8 (Z M¢ Tt d+ 1)Tt M¢/(Tt))> .
t=0

Now suppose, for fixed Cy > 1 and r > 0, that
10(2)] + 19 (2)] < Co(L + |z])"  for every z € R.
Show that for every A > 0 there is a constant B4 > 0, depending only on A, Cy,r, such that
m,T,n,0,0 ' <d* ~ k>Bylogd = TV(P,G)<e /16

—k/16 —k/36

Deduce both classification-risk conclusions of Theorem 8.1.2, with e replacing e
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HiNTs For (a), introduce an independent copy X’ of X and compare the Gaussian margins at X
and X'. For (b), calculate the derivatives before bounding their second moments. For (c), consider
D(G,P): which process supplies the history in the KL chain rule?

Exercise 4: Parity orthogonality and polynomial degree.

© Explain why a polynomial of low degree has zero correlation with a higher-degree parity under uniform
inputs.

Let X be uniform on {—1,1}% and put xg(z) = 1.
(a) Prove that, for all B,C C [d],
Elxs(X)xc(X)] =I{B = C}.

Deduce that the 2% functions x g form an orthonormal basis for the vector space of real functions
on {—1,1}¢, with inner product (f,g) = E[f(X)g(X)].

(b) Let B # @, and let p : R? — R be a polynomial of total degree less than |B|. Prove
Elxs(X)p(X)] = 0.
Your argument must allow repeated powers of a coordinate in a monomial.
HiNnTs For (a), simplify xg(z)xc(z). For (b), first consider one monomial; use XJ2 =1

Exercise 5: Which correlations determine the gradient?

© Identify the features that govern a local gradient step and quantify the sampling error in estimating their
correlations.

Use the ReLU network, fixed parity Y = xs(X), and objective F' from Section 8.1. Fix # such that
w,) x + b, #0 for all r € [m] and = € {—1,1}%. Define the vector of parameter derivative features

<I>9(."L‘) = V@Ng(ﬂ:‘) € RP,

(a) Prove

F(0) — F(6+1
max lim L ZFOF) om0, ()11
lv]| <1 tl0 t

Give a maximizing v, including the case when the expectation is zero. Explain the meaning of
an upper bound [|E[Y ®y(X)]|| < € for first-order improvement in a unit parameter direction.

(b) Write the coordinates of ®y(x) corresponding to u,, wyj, and b,. Express their correlations
with Y using ¢g(w,b) = E[xp(X)[{w' X +b > 0}]:

d

E[Y ®g,, (X)] = Z WrjiqsA{j} (wr, byr) + brgs(wr, by),
j=1

E[Y(I)G,wm- (X)] = Urdsn{j} (wy, b)),
E[Y®q, (X)] = urgs(wr, br).

Identify which coordinates are the hidden-unit outputs and which involve the activation
indicators.
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(¢) Fix w € R? such that w'z # 0 for every cube point z, and fix j € [d]. Let X, ..., X be
independent uniform cube points and set

~ IS i i i
q = qsagjy(w,0), Gn = gZXS(X())X](. H{w X > 0}.
=1

Prove / )
. 1/2—¢
E[(@n — ¢)%) = ——.
n
If 0 < |q| < e* < 1/2, where ¢ > 0, prove that the requirement /E[(g, — ¢)?] < |q| implies
n > ek /4,

HiNTS For (a), differentiate along the line 6 + tv. For (b), use [z]+ = 2I[{z > 0} and xgs(z)z; =
Xsa{j(z). For (c), pair z with —z when calculating the second moment of one summand.

V'V'Y'N Exercise 6: A squared-loss improvement that gradient training misses.”
EX XX © Extend the Gaussian trajectory comparison to an objective with a linear label-independent gradient term.
J Q
Let X be uniform on {—1,1}%, let Y = xg(X), and assume k = |S| > 4 is even. Set s = (—1)(*~2)/2
and define
fu(@) =slw'aly,  e(w) =E[Yfu(X)],  Lw)=E[(fu(X)-Y)*, weR"

Use the ReLLU backpropagation rule from Section 8.1. You may use these two estimates without
proof:

1
sE[Y[1§X]4] > —=,
Y[1sX]4] > NG
and, for every 7 > 0 and B C [d] with |B| > 2,
LW) =N(0,7°s) = E[gp(W,0)°] <8¢ 1P/,

Herelg = (I{j € S })?:1, and gp is the threshold coeflicient defined in the lecture. The first estimate

is a Fourier coefficient of the unweighted sum; the second is the version of Lemma 8.2.2 with zero
bias.

(a) Prove

1g 1

Thus the model admits an inverse-polynomial improvement over L(0) = 1.
(b) Derive
d
VIL(w)=w— QS(QSA{j}(w, O))j:r
Fix 0<n<2,0>0,and T € N. Let Wy, Ey,...,Z7r_1 be mutually independent with law
N(0,0%1,) and independent of X. Define
Wip1 = Wy = nVL(W;) — B, Vo = Wo, Viei =1 —=n)V; — E4.
Prove that

t
L(V) =N©O,7La), 1i=0") (1-n% <o*(t+1).
j=0

J
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(¢c) With P =L(Wy,...,Wr) and G = L(V,...,Vr), prove

v (P,G) < TSI —(e-1)/s,
g

Also prove
Ellc(Vr)|] < V8oVT + 1de *D/8,

(d) Prove that, for every A > 0, there is a constant B4 = O(A + 1) such that, whenever
d > 30, T,0,0° " <d4, k> Balogd,
the trained neuron satisfies
P(L(Wr) > 1— e #/32) > 1 e k/32,

Compare the improvement allowed by this bound with the improvement achieved in (a), as
k — oo.

HiNTs For (a), pair X with —X to evaluate the second moment of a ReLU. For (c), apply the KL
chain rule to D(G,P). To bound the final correlation, expand [w' X]; and use Cauchy-Schwarz.
For (d), first bound the probability that L(Vy) < 1 — e /32 and then transfer the event between
the two laws.

Exercise 7: Learn a two-bit rule and compose it.

© Prove convergence for a locally supervised gate and transfer its correctness to a multistep computation.
For a,b € {0,1}, fix

¢(a7 b) = <[a[—?—_2)—f]—il_]+> ) gu(a’ b) = UT¢(Q’ b)v u € R,

Only the two output weights u are trained. With equal weight on the four input pairs, let

Lwy=7 3 (gulab)~ (@@ b)?

a,be{0,1}

(a) Prove that the unique minimizer is u* = (1, -2)" and that L(u*) = 0. Derive

v =a= (3 ) =T g = T

(b) For any initial ug € R?, run usy1 = us — NV L(uz) with 7 = 1/Amax(H). Prove

)\min (H)

N () € (0,1).

Jug — || <v'flug — ||,  r=1-
Let gi(a,b) = I{gy,(a,b) > 1/2}. Show that g;(a,b) = a @ b on all four inputs whenever
V5 rt|ug — u*|| < 1/2.

(c) For by.q € {0,1}%, define 21 = by and 2; = §4(Z;_1,b;) for 2 < i < d. Prove that the condition
in (b) gives zg = by @ - - - @ by for every input. State separately which components are fixed by
the construction and which are learned. Your answer must account for the two ReLU features
¢, the threshold at 1/2, the recurrent connections that feed (z;_1, ;) to the next gate, and the
output-weight vector wu.
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HinTs For (a), evaluate ¢ on the four input pairs. For (b), write the recurrence for u; — u* and
use an orthonormal eigenbasis of the symmetric matrix H. For (c), use induction over the output
positions.

. *
Exercise 8: Random examples, memory, and teacher-chosen examples.

© Identify the roles of working memory, target uncertainty, and control of examples in a parity-learning
lower bound.

An unknown set S C [d] has size k < d/2. A labeled example is (U, V) € F4 x Fy, with

V=>U; (mod2).
jes

A streaming learner processes the examples in order, keeping a state of at most M bits between
examples. In a ¢-pass algorithm it traverses the same sequence ¢ times in the same order.

You may use the following consequence of the constant-pass learning theorem without proof. Fix
g € N. Choose S uniformly among the k-subsets, and independently choose the input examples
uniformly and independently from Fg. If k — oo and M = o(dk), then achieving ]P’(§ =S5)>2/3
requires 2°2%) examples. The constants may depend on q.

(a) Suppose all state retained by a training algorithm can be stored in O(D? 4+ Dm) numbers of
O(logd) bits each. Set

k= {(logdd)‘lJ . D= {k(log d)“/lﬂ C m=2k

As d — oo, show that the memory bound is o(dk) and that the theorem requires more than
any polynomial number of random examples to recover S with probability at least 2/3 in a
fixed number of passes.

(b) A linear-system learner can store n = d + 2 examples in an augmented matrix over Fo. State
its storage in bits and explain why its polynomial sample guarantee is consistent with the
stated lower bound. You may use the Lecture 7 guarantee P(§ # 5) < 297" and an in-place
linear-system solver. Next, construct a teacher-chosen set of d inputs that permits exact
recovery of every S while retaining only O(d) bits. The teacher chooses the inputs before
seeing any labels.

(¢) Compare the supplied memory theorem with the fixed-parity result in Theorem 8.1.2. State,
for each, the quantifier on S and the restrictions on the learner. Explain why the memory
theorem permits the teacher-chosen protocol in (b), and why it cannot establish failure for a
learner told S in advance.

HinTs For (a), divide (D? + Dm)logd by dk. For (b), consider the standard basis of Fg. For (c),
distinguish information supplied to the learner from knowledge held by the person choosing the
task.

8.A The Taylor expansion of arcsine

The threshold-correlation proof uses the following expansion on the entire interval [—1, 1], including
its endpoints.
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Proposition 8.A.1 (Arcsine series). For every v € [—1,1],

00 . (271)
3 — — . n
arcsinv = ;)agv , aon = 0, Aon+1 = m, n > 0.
The coefficients satisfy ag > 0 and )~y ar = 7/2. The series converges absolutely and uniformly
on [—1,1]. B

Proof. We obtain the expansion by integrating the Taylor series of (arcsint)’ = (1 — t2)_1/ 2 then
justify convergence at the endpoints. Set f(z) = (1 — 2)~'/2 for z < 1. Its Taylor coefficients at
Zero are

2n
0 _1:3--n-1) _ ()
=1 “n = n 2! - 47;‘ <1 (nz1)
Repeated differentiation gives £ (z) = nle,(1 — 2)~"~ /2. To show that the Taylor series equals f
throughout 0 < z < 1, use Taylor’s theorem with the integral remainder:

_ S n _ i - (N+1) N
f(2) Z Cn? N f (s)(z—s)" ds
n=0 - J0

s\ ds
:(NJ“l)CN“/O <1—s> (1—s)3/2°

For 0 < s <z <1, we have (z —s)/(1 —s) < z. Hence

N N N+1
OSf(Z)—chZ"S((ltZ);/QHO.

n=0

Substituting z = t? proves (1 —t2)~1/2 = > n>0 cyt? for [t| < 1. For every 0 < r < 1, the bound
leat?™| < 72" on [—r, 7] gives uniform convergence there. We may therefore integrate term by term:

arcsinv:/vdt:i Tyl lv| <1
0o VI—t2 2+l ’ )

This gives the stated coefficients. Their nonnegativity allows monotone convergence as v 1 1:

oo o
Cn . Cn 2n—+1 . . ™
= lim — = lim arcsinv = —.
ZQTL—i—l UTIZQTL—Fl vl 2
Thus the expansion holds at v = 1, and oddness gives equality at v = —1. Finally, |asv’| < az on

[—1, 1], so the finite coefficient sum gives absolute and uniform convergence on the whole interval. [
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