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Reading guide. Neural networks, including language models, are often said to be powerful because
they learn representations. This is usually contrasted with “linear” methods where a feature map
needs to be hand-picked for the method to work well.

We first define representation-learning algorithms in the context of learning a map and connect
the definition to neural networks. Representation learning has a clear formulation in the multitask
setting: learn one feature map from several tasks, with a separate predictor for each task. We ask
whether sharing reduces the samples needed to predict on those tasks. Transfer learning asks a
further question: do the learned features help a new task? We give a finite-class analysis of each
problem, then an efficient transfer algorithm for a linear model. The statistical and computational
questions are separate: how much data suffices, and how can the learner compute useful features?

The main results are the joint-ERM bounds in Theorems 13.2.2 and 13.2.4, the separation
from independent learning in Proposition 13.2.3, and the transfer guarantees in Theorem 13.3.2
and Corollary 13.3.6. The proofs use the finite-class argument from Lecture 2 and concentration
from Lecture 6. The examples also connect to parameter sharing in Lecture 4 and coverage in
Lecture 7.

13.1 Representation learning

Let X be an input space, ) a label space, and Z a feature space. We consider learning a predictor
X — Y from n labeled examples.

Definition 13.1.1 (Representation-learning algorithm). Let H be a class of maps X — Z
and G a class of maps Z — ). A representation-learning algorithm for sample size n with
representation class H and head class G is a map

A (X x V)" — H xG.

Writing A(S) = (hs, gs), the learner returns a representation (map) hs and a head gs. The
resulting predictor is fg = gg o hg. For example, hg can compute a neural network’s hidden features
and gg can classify using those features. As can be seen from the definition, the main distinctive
feature of a representation learner is the signature of the underlying map. Namely, that it returns a
map that is explicitly decomposed into two maps. This definition is meant to capture the essence of
these methods and as such is a bit oversimplified. Every supervised learning algorithm is a trivial
representation learner: Just choose Z = X, H consist of the X — X identity map. Of course,
we are more interested in nontrivial representation learners, for which for at least some sample
S € (X x V)", hs is not the identity map (if Z = X).

Our primary interest in representation learning is to gain insight into why learning with neural
networks is special as compared to simpler alternatives. To explain this connection recall that a
feedforward neural network is given by a directed (computation) graph, with nodes performing
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13-2 Lecture 13: Representation learning and transfer

simple computation over the information sent to them along the edges ending at them, where
learning changes the actual computation performed. Now, take any minimum-size cut that separates
the inputs (sources of the graph) from the outputs (sinks of the graph): This is a set of nodes such
that removing this set, no input is connected to no output, while no subset of this set of nodes has
the same property. If the nodes form a layered graph (with respect to distance to inputs), as it
happens for example, in multi-layered networks, any node set in a layer will be such cut. The map
determined by the part of the computation graph up to the cut defines h : x — z; the remaining
computation defines g : z — ¥, while the whole network computes g o h.

It follows that neural networks are in a way “super representation learners”: They are considering
many compositional maps simultaneously (corresponding to all possible cuts) and I suspect this is
one of their strengths. However, for the sake of this lecture we stick to a simpler view that ignores
this multi-representation learning aspect, focusing on just a one-way decomposition of the target
function.

13.2 Multitask learning

The usefulness of representation learning is easiest to argue for when the learner needs to solve
multiple prediction problems, that share a common representation. In this section we study this
problem in multitask learning, where a learner needs to find predictors for several tasks and is
evaluated on those tasks. We extend the learner’s output to one representation and 7T heads. The
shared-map, separate-head structure makes it easy to articulate the potential benefits of learning a
shared representation.

13.2.1 The learning problem

The learner receives labeled data from each task of the ¢ € [T] tasks and returns a predictor for
each task. For the first statistical comparison, take H and G to be finite and nonempty. The
finite-class model isolates the accounting created by a shared representation: the representation
complexity is paid once across tasks, while the head complexity is paid once per task. More general
representation-class bounds replace logarithmic cardinalities by other complexity measures and retain
this separation. Such class-level bounds characterize the statistical behavior of the class. Explaining
which representation neural-network training selects from a large architecture class additionally
requires properties of the training procedure and the learned representation. The same selection
problem is central to neural-network generalization theory beyond multitask and representation
learning. In the Gaussian linear model studied later, we analyze an explicit representation-learning
strategy and identify what an algorithm-level guarantee requires.

Let Pi,...,Ppr on X x ) be the data-generating laws of the individual T tasks. For each task
t € [T], the sample is

Sy = ((Xﬂv Yi), - (Xin, Y;in)) ~ Pt®n'

All nT pairs are independent. The task identity of each example is given.! The laws may differ,
including their input marginals. No statistical model over the tasks is assumed.
Let £:Y x )Y —[0,1] be a loss. Write

Rif) = [ (7)) Pildody), Rs(f) = 1 DO UF(X). Vi) (13.)
j=1

A sample in the subscript marks an empirical risk: R; is computed from the law P, while Rg, is
computed from the sample S;. Write S = (S1, ..., S7) for the entire source sample. For an output
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Lecture 13: Representation learning and transfer 13-3

(h,g) € H x G, with g = (g1,. .., gr), the task-t predictor is g; o h. We evaluate the output by its
average population risk and use the corresponding empirical risk for training:

T T

- 1 1

R(h.g9) = > Ri(gioh),  Rs(h,g) = T > Rs,(gi0h). (13.2)
t=1 t=1

A bar marks an average over the T source tasks, and a hat marks a quantity returned by a learner,
such as the pair (h,g) defined next. Joint empirical risk minimization chooses one representation
and all the heads:

~

(h,g) € argmin Rg(h,g). (13.3)
heH, gegT
Independent learning instead chooses a separate (hy, g¢) for every task.
Whether joint learning offers a statistical advantage over independent learning depends on the
head class G. An unrestricted head could undo the statistical restriction imposed by h. The intended

regime has a rich representation class and a relatively simple head class: In || is large compared
with In |G|.

13.2.2 The statistical benefit of sharing

We first compare joint and separate learning when one representation permits perfect prediction on
all tasks. We then allow an approximation cost for requiring a common representation.

13.2.2.1 Realizable bounded losses

Suppose one representation h* € H and heads g7,...,97 € G achieve zero risk on every source
task. Because the loss is nonnegative, every source loss of this predictor tuple equals zero almost
surely. Joint ERM therefore has zero empirical loss almost surely. The consistency argument from
Theorem 2.7.4 extends as follows to the bounded loss from Section 13.2.1 and to independent
observations whose laws may differ.

Let F be a finite nonempty class of predictors from U to Y. Let (U1, Vi),...,(Un, Vin) be
independent, not necessarily identically distributed, and let £: ) x Y — [0, 1]. For f € F, define

Suppose some f* € F satisfies R;(f*) = 0 for every 7 € [m]. On the same experiment, let f be an
F-valued random predictor with

~

0 f(U;),Vi)=0 for every i € [m]
almost surely. Such a predictor exists because R;(f*) = 0 and the loss is nonnegative.

Proposition 13.2.1 (Finite-class zero-loss bound). For every 6 € (0,1),

P{Rm(f) _ 7| +ln(1/5)} .

m

Moreover,
= /N In|F|+1
B[R (f)) < 2L

m
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13-4 Lecture 13: Representation learning and transfer

Exercise 1 asks you to prove the proposition. The key inequality is
P(((f(U:), Vi) =0) <1—Ri(f),

which follows from 0 < £ < 1. For 0-1 loss, the inequality is an equality and the proposition reduces
to the usual consistency bound.
To apply the proposition, augment each input with its task identity and consider the class

thoint = {(t,l‘) = gt(h(x)) the /H) (glv R 7gT) € gT}

The class has cardinality at most |H||G|T. For the nT augmented observations ((t, Xt;), Yz;), the
quantity R, in Proposition 13.2.1 equals R(h,g). The subscripts src and trg used below abbreviate
source and target. For § € (0,1), put

_ In|H|[+Tn|G|+1In(1/0)

Agrc(0) T .

~

Theorem 13.2.2 (Joint zero-loss bound). Under the zero-risk source assumption above, let (h,g)
be any predictor tuple with zero loss on every source example. For 0 < § < 1,

P {E(E,g) < asrc(é)} >1-4. (13.4)

The expected average risk also satisfies

o~ 1 T1 1
ER(hg) < 2H T TInigl+1 (13.5)
nT
Proof. Apply Proposition 13.2.1 with m = nT and |Fieint| < |H||G|T. O
The bound separates the two statistical costs:
In|H| In|g| In(1/6)
o) = .
Gsre () nT + n + nT
——

one shared representation  one head per task

For the comparison below, write R

Rsnared = R(h,ﬁ)
for the risk of the shared learner’s output. Independent learning returns a separate pair (/h\,ind, ’g\%nd) €
H x G for each task t; define its average risk by

T
1 J
Rindependent = T Z Ry (gzltnd o h;nd).
t=1

The class of independent predictor tuples has size at most (|#||G|)T. The same finite-class result
gives the sufficient bound

_ 1 | In(1/6
P {Rindependent < & |,H‘ i |g‘ + n( / ) } >1- d. (136)
n nT

Thus the representation term in the shared upper bound is smaller by a factor of T'. Comparing
upper bounds is a useful first comparison. The next example also gives a lower bound for independent
learning.

Lecture 4 analyzed pooling across positions when parameters are shared. Here the pooled object
is a feature map rather than a single probability. In both cases the statistical gain depends on a
restriction that is correct for the tasks being pooled.
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Lecture 13: Representation learning and transfer 13-5

13.2.2.2 An example where sharing provably helps

Return to Lecture 2’s boxes. Let X = [d] with d > 2. An unknown map h* : [d] — {0, 1} assigns a
bit to every box. Task ¢ has an unknown bit b; and label

Y = h*(X) & by, X uniform on [d], (13.7)

where @ denotes addition modulo two. All training inputs are independent. Choose all 2¢ Boolean
maps as H and the two heads gy(z) = 2@ b as G.

Proposition 13.2.3 (Shared boxes versus independent learning). Joint ERM in this model has

(d+T)n2+1

E [Rshared] S nT

(13.8)

For any collection of learners whose task-t predictor uses only Sy and independent randomization,
there is a fized choice of (h*,by,...,bp) for which

— 1 "
IE:[}2indv3pe>1’1fien‘n] >z <1 - > . (139)

2 d
Proof. The upper bound is Eq. (13.5). For the lower bound, set every b, = 0 and temporarily draw
the d values of h* independently as fair bits, independently of all inputs and learner randomization.
A fresh uniform test box is absent from S; with probability (1 — 1/d)". Conditional on that event
and the task-t data, its bit remains fair. Every task-t prediction therefore has conditional error
1/2 on the event. Average over tasks and then over the random map. At least one fixed map has
average expected error at least the displayed lower bound. O

For a fixed error tolerance € > 0, the shared upper bound shows that

"> [(d+T)ln2+1"
- eT

examples per task suffice to make E[Rghared] < €. Thus O(1 +d/T") examples per task suffice for any
fixed tolerance. In contrast, independent learning needs n = §(d) to guarantee a fixed small tolerance
uniformly over this family. For example, Bernoulli’s inequality gives an independent-learning error of
at least 1/4 whenever n < d/2. When T is of order d, the shared upper bound can be made smaller
than 1/4 with a constant n. These are statistical statements; enumerating all representations need
not be computationally efficient.

13.2.2.3 Misspecification and joint ERM

We now allow arbitrary task laws and any loss in [0, 1]. Define

Ri=, min Rigoh).  Ah)=minRi(goh) - F;. (13.10)

The quantity A;(h) > 0 is the extra risk imposed by using representation h, even with its best head.
The benchmark Ry allows task ¢ its own representation. It need not equal Bayes risk: the composite
class itself may be misspecified.

Write

T
_ 1 _
A = — g A A = min A(h). 13.11
(h‘) T pa t(h)7 share hel?’I-Ll (h) ( 3 )
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13-6 Lecture 13: Representation learning and transfer

The number Ag.re is the approximation cost of requiring one representation. Because the heads
can be chosen separately,
T
1
min R(h Z R 4 Aghare. (13.12)
h.g t ]

Exact sharing means Agare = 0, not necessarily zero label noise.
Allow the source learner an optimization error g > 0:

Rs(h.g) < min Rs(h. g) + . (13.13)
7g

Theorem 13.2.4 (Agnostic joint ERM). Under Section 13.2.1 and Eq. (13.13), define

bore(8) = \/2{1n M|+ Tl;f' +1n(2/6)}

With probability at least 1 — 9,

T
Z f < Aghare + Nsre + bsrc(5)7 (1314)

’ﬂ \

A(ﬁ) < Aghare + Nsre + bsrc((s)- (13.15)
Proof. For a fixed tuple, Hoeffding’s inequality applies to the nT independent, bounded losses,

although their laws differ across tasks. A union bound over at most K = |H||G|” tuples gives

— — In(2K/9)
Rg(h — R(h < ege =\ ———=
Shtlg| S( 79) ( 7g)| > € onT

with probability at least 1 — d. On this event, for a population minimizer (h°,g°),

(h, /g\) + €src
(hoago) + Nsrc + €sre
(h°7g°) + Nsre + 2€grc.

R(h,g) <

IN A
= bc\ :U\

Use Eq. (13./1\2) and 2egc = bsre (6) for the first claim. For the second, minimize each population
head risk at h: A(h) < R(h,g) — T~ 'Y, Ry. O

The estimation term has order \/In|H|/(nT) + In|G|/n. Independent ERM has an analogous
bound with order y/(In|H| + In|G[)/n and no Agpare. Sharing reduces the estimation cost but can
increase approximation error. When Agpae > 0, even the best shared predictor has greater average
risk than the best separate predictors. Whether sharing hurts at a finite sample size depends on the
estimation errors as well. The added approximation error is one source of negative transfer: sharing
can increase risk relative to learning separately.

13.3 Transfer learning

In transfer learning, information learned from source tasks is used to learn a predictor for a target
task. We study a two-stage procedure: estimate h from the source samples S1,...,S7, then freeze h
and fit a head using examples from a new target task. Learning how to fit new tasks from experience
on source tasks is also called learning-to-learn or meta-learning.
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Lecture 13: Representation learning and transfer 13-7

Fix a target law Py and define Ry, Rjj, and Ag(h) as in Eqgs. (13.1) and (13.10). After estimating
h, the learner receives Sy = ((Xo1, Yo1), - - -5 (Xom, Yom)) ~ P0®m, independently of all source data

and source-learner randomization. The output (h,go) predicts by fo = go o h. The objective is small
target excess risk Ro(fo) — R}.

13.3.1 Finite-class analysis

We retain the finite classes and bounded loss from Section 13.2.1. Theorem 13.2.4 bounds Z(ﬁ) A
guarantee for a particular task requires the source tasks to constrain the features needed by that
task. The existence of one representation that works for all tasks leaves the behavior of the learned
representation undetermined.

The source tasks constrain a candidate representation through its average source representation
error. Define the transfer envelope

U(u) = max({Ao(h) : h € H, A(h) <u}U{0}), u > 0. (13.16)

The value W(u) is the largest target representation error among the candidate representations whose
average source representation error is at most u. Thus V¥ states exactly what source performance
permits on the target. The envelope is nondecreasing and, by construction,

Ag(h) < U(A(R)) for every h € H. (13.17)

Proposition 13.3.1 (Sharpness of the transfer envelope). Let ¢ : [0,00) — [0,00) be nondecreasing
and suppose

Ag(h) < ¢(A(h)) for every h € H.

Then V(u) < ¢(u) for every u > 0. Moreover, whenever {h € H : A(h) < u} is nonempty, some
hy € H satisfies
Ah) <u, Ag(ha) = U(u)

Exercise 3 asks you to prove the proposition and apply it to the dropped-feature example
below. Thus ¥(u) is the exact worst case over candidate representations compatible with the
source-error constraint A(h) < u. A maximizing representation witnesses that the source-error
constraint permits target representation error ¥(u). An algorithm-specific guarantee can be smaller
by using information beyond the value of Z(ﬁ)

A useful transfer guarantee proves that ¥(u) is small in the relevant range. A common bound is

U(u) < ku+ 3, K, 3 > 0. (13.18)

The multiplier measures how strongly source accuracy constrains target accuracy. The additive
term allows imperfect transfer. The examples in Section 13.3.1.2 bound the envelope by comparing
the errors induced by every candidate representation.

13.3.1.1 A source-to-target theorem

With & frozen, target training searches only over the head class. Choose a head with

Ry (@0 o h) < min R, (g 0 h) + theg, (13.19)

where 7, > 0 and Rg, uses the m target examples.
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13-8 Lecture 13: Representation learning and transfer

Theorem 13.3.2 (Transfer from source representation error). Assume Eq. (13.19). Suppose that,
for some egc > 0 and 0 < dgre, Otrg < 1, the source procedure satisfies

P{Z(/ﬁ) S 8Src} Z 1- 6src-

fut 21In(2 0
n r
bs(Oisg) = | T ),
With probability at least 1 — dsrc — Otrg,
Ro(Go 0 h) — R < W(eare) + Tirg + birg (Sirg)- (13.20)
In particular, agnostic joint ERM gives
Ro(Go 0 h) = Ry < W(Ashare + fhre + bre (9urc)) + Thing + bing (Girg)- (13.21)

For an ezactly optimized, jointly realizable source problem, one may instead take egc = asre(Isre)-

Proof. Condition on the source data and source-learner randomization, so that h is fixed and the
target sample still has law P(‘]gm. Apply the Hoeffding—union-bound argument to the |G| predictors

go h. With conditional probability at least 1 — dg,

R0(§0 o /}\l) - rgnelél RO(g o 77/) < Nerg + btrg((strg)-

The conditional failure probability is at most d;,s for every source realization, so the unconditional
failure probability is also at most d¢rs. On the intersection with the source event,

o~

min Ro(g 0 h) — By = Ao(h) < W(A(R)) < ¥(eare).

Adding the inequalities proves Eq. (13.20). Use Theorem 13.2.4 or Theorem 13.2.2 for the respective
choices of egc. In the realizable case, A(h) < R(h,g). O

The target fitting cost contains In |G|, not In|H|. Learning the target from scratch has the
finite-class ERM bound

2{In[H| + In |G| + In(2/0¢re) }
m

RO(]?scratch) - R6 S \/

for an exact ERM. Transfer can improve the guarantee when W(eg.) is smaller than the estimation
cost saved on the target. The target need not be sampled from a distribution over tasks; Eq. (13.17)
is the explicit connection to the fixed source tasks.

The theorem also answers the individual-source-task question. Fix ¢ € [T'] and define

Uy (u) = max({A¢(h) : h € H, A(h) <u}uU{0}).

After freezing h and refitting task ¢’s head on fresh examples, Eq. (13.20) holds for that task with
V;. For g designated tasks, the same source event and head failure probabilities ; give simultaneous
guarantees with failure probability at most dgc + 23:1 0;. The guarantee uses refitting samples

that are independent of the source examples used to learn h. Tt concerns the newly fitted heads;
guarantees for the original fitted heads require corresponding individual-task source bounds.
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13.3.1.2 Bounding the transfer envelope

The next two examples identify source tasks that constrain target-relevant features and source tasks
that leave a necessary feature unconstrained.

Label-reversed tasks. Let’s return to the example of Section 13.2.2.2. In Eq. (13.7), let the
target also have a uniform input with the same law p as the source tasks, and label h*(X) @ by. For
a candidate h, put

q(h) = u({z : h(z) # h*(2)}).

Recall that G = {go, g1} with g5(2) = 2@ b for b € {0,1}. For each task ¢ € [T], the target predictor
is gy, o h*. Since each gy is a bijection on {0, 1},

Ri(gy, o h) = p({z : go,(W(x)) # go,(W*(2))}) = q(h),  Ri(gr-s, 0 h) =1 —q(h).
Since R; =0,

Au(h) = min Relg o h) = min{g(h), 1 = ()} = Ao(h) = A(h). (13.22)

Thus ¥(u) < u, independently of 7. The transfer theorem (Theorem 13.3.2)) gives, for exact source
and target ERM,
~ d+T)In2 + In(1/dsec 21n(4/04
Ro(@o oy < A2 I /0ure) | [210(4/0urg) (13.23)

nT m

For fixed accuracy and confidence, T" of order d permits constant n and constant m. A learner with
only the m target observations still has the expected-error lower bound %(1 —1/d)™ for some target
map. For comparison in expectation, a risk bound of £ with failure probability § implies expected
risk at most € + 9. Choosing both constants small gives a genuine individual-task advantage.

A target feature unconstrained by the source tasks. Let X = Z = {0,1}?, let Y = {0, 1},
and use 0-1 loss. Let U,V be independent fair bits and set X = (U, V). The representation and
head classes are

% - {hfu117 hdrop}7 hfull(u7 U) — (U, ’U), hdrop(uv U) == (U, 0)7

and
G = {m,m}, m1(21,22) = 21, mo(21, 22) = Z2.

An observation from each source task is (X,Y) = ((U,V),U), whereas a target observation is
(X,Y) = ((U,V),V). Thus the source and target input laws are the same and uniform on {0,1}2,
while the label functions differ. The full representation has zero risk on every source task using m;
and zero target risk using g, so Ry = Rj = 0. For the dropped representation,

1
Rt(ﬂ'l © hdrop) =0 (t € [T])7 RO(T[-l © hdrop) = RO(WZ © hdrop) = 5

Consequently,
_ 1
A(hdrop) = 07 AO(hdrop) = 5

No source loss depends on whether a representation retains V. The transfer envelope therefore
satisfies ¥(0) = 1/2, and repeating the source tasks leaves the target feature V' unconstrained.
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The last two examples concern whether the source task objectives constrain the features needed
by the target. In the label-reversal example, every source task supplies such a constraint. In the
present example, no source task constrains retention of V.

Lecture 7’s coverage condition addresses a separate issue: comparison of errors under different
input laws. The two forms of coverage can be imposed together. For an intermediate representation
error Apiq(h), suppose an input-law comparison gives Ag(h) < k1 Amia(h) + B1 and a source-task
comparison gives Apiq(h) < ko A(h) + [Ba. Substitution gives

Ao(h) < K1k A(h) + K1B2 + Pr.

Thus distributional coverage and source-task coverage address different obstacles and combine
directly.

13.3.2 Transfer with linear representations

We now give an efficient algorithm for the transfer problem. The learner estimates a linear
representation from source tasks by an eigendecomposition, then fits a linear head on target data.
The model lets us verify the source-to-target relation and bound the risk of the resulting target
predictor.

This is the same representation-learning template as in the earlier finite-class analysis, specialized
to linear maps and squared loss. Concretely, X = R%, Z = RF, Y = R, and we use the squared loss
{(y,y") = (y — y')?. The representation and head classes are

H={hc R R: ho(z)=CTz, C e Rk CTC =1}, (13.24)
G={g:RF 5 R:gy(z) ="z beRF}. (13.25)

The composite predictor is fop(z) = gy(he(z)) = b CTx = 27 Cbh. Thus the linear model is the
previous class-based setup with explicit, infinite classes H and G.

13.3.2.1 The learning problem

There are T source tasks and one target task, indexed by 0. Let 1 < k < d. The unknown shared
object is a k-dimensional subspace of R?. Choose a matrix B € R¥* whose orthonormal columns
form a basis for this subspace, and let ag, a1, ..., ar € R¥ be the task coordinates. The orthonormal
convention preserves every full-column-rank linear model: if a feature matrix factors as M = BR,
replacing a task coefficient ¢; by a; = Re; gives M¢; = Bay. An observation from task ¢ satisfies

Y = X"Ba; +e¢, X ~ N(0,1y), (13.26)
where the noise has mean zero and is independent of X, with finite variance o2 on each source
task and ag on the target task. The learner is given k, samples S1,..., S of n examples each,
and a target sample Sy of m examples. All covariates and noises in these samples are mutually
independent. Write N = nT for the source sample size.

Thus each C selects a candidate k-dimensional feature subspace and an orthonormal basis for
it. Because G contains every linear head, a change of basis changes the head coordinates but not
the available composite predictors. The normalization also makes CC'T the orthogonal projector
onto the candidate subspace, as used below. Use R;, R}, and A; for these classes and squared loss.
The learner estimates B from the source samples alone and fits @g on Sp, returning (hg, gg,). The
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Lecture 13: Representation learning and transfer 13-11

predictor is ]%(a:) = xTé\, where 8 = Bap. The objective is small expected target excess risk, which
in this model is R N
E[Ro(fo) — R§] = E[|6 — Baol3],  Rf = a3 (13.27)

The statistical point is the same as in the finite-class transfer analysis: source training constrains
the representation only insofar as it rules out bad shared subspaces. In this linear model the
constraint is explicit. For a candidate representation C', the squared norm of the component of Bag
orthogonal to span(C) is the target representation error Ag(C'). The comparison is therefore between
the target representation error Ap(C) and the average source representation error A(C), and the
source-task matrix D = % Zle ata] measures how strongly the source tasks cover the relevant
directions. For well-spread sources, D > 0 and a target direction with small source representation
error inherits a comparable target representation error. This is the linear analogue of the earlier
calibration bound, with the quantitative factor ko = ag D 1ay.

The model gives two distinct comparisons with the earlier theory. The statistical comparison
concerns the number of target examples needed after the source tasks have identified a useful
representation. The corollary below bounds the expected target excess risk by a source term of
order ||ag||3V/(nTA?) and a target head-fitting term o3k/(m — k — 1). Target-only least squares
instead has target term o3d/(m —d —1). Thus the ideal sharing benefit is a reduction from ambient
dimension d to representation dimension k in the target-label cost; the source cost is amortized
across the T source tasks. The displayed bound also quantifies the price of imperfect subspace
recovery. This conclusion is a property of the stated Gaussian linear model.

The algorithmic comparison asks how to obtain the shared representation. Joint source ERM is
a natural benchmark:

T n
1 2
min = Vi — bl CTXy5)".
CTC=Iy, b1, by N ;;( C 1)
This objective is precisely the source-training objective for a two-layer linear network with a shared
first layer C'7 and task-specific output weights b;. It is a finite-dimensional rank-constrained
least-squares problem. At the population level, minimizing over the heads makes its excess objective

tr((Id —cc")BDB (I, — CCT)) .

If D > 0, the global minimizers therefore satisfy span(C') = span(B). Thus population ERM
identifies the desired representation. With finite samples, one can instead train the factorized
empirical objective by a first-order method, or minimize over each b; in closed form and optimize the
resulting profile objective over C'. Establishing that either procedure reaches a statistically accurate
solution requires an optimization-landscape analysis in addition to a generalization argument; related
results are described in the bibliographical notes.

Instead, the linear-Gaussian model supplies a more specific route. The population second
moment of Y2X X T has the shared subspace as its leading k-dimensional eigenspace. We estimate
that moment and compute its leading eigenvectors. The spectral estimator is therefore a deliberate
choice: it is an explicit polynomial-time procedure whose source-data dependence and subspace
error can be analyzed directly. The following calculations show both why the source tasks identify
the joint representation and how the statistical saving survives after fitting the target head.

13.3.2.2 Source diversity controls target representation error

We first ask which source tasks constrain the representation needed by the target. The Gaussian
input model makes representation error a projection error, so the comparison reduces to a relation
between the task coefficients.
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13-12 Lecture 13: Representation learning and transfer

For u = Cb — Bay, the prediction residual is X "u — e. The model assumptions imply
EXX"]=1;, E[eX]=E[E[X]=0,
where the second identity uses the independence of € and X. Consequently,
Ri(gpohc) =E[(X Tu—¢)?] =uE[XX "u - 2u"E[eX] + E[e?] = ||Cb — Bas||3 + E[?].

Since C' = B is allowed, R} = E[¢?]. Minimizing over b gives

A(C) = ||(Ig — CC ) Bay|)3. (13.28)
Define
1 T
_ T _ T
D= ;—1: aa;,  Ec=(I;—CC")B. (13.29)

Then A(C) = tr(EcDE/).
Proposition 13.3.3 (Linear source-to-target comparison). If D > 0, every candidate C' satisfies

2
Ap(C) < ko A(C), ko = ad D" lag < llaoll5

< < D) (13.30)

Proof. Cauchy-Schwarz applied to D~2ag and D'/2v gives (v"ag)? < (ag D Yag)v" Dv for every
v. Apply this inequality to each row of Ec and add: ||Ecaol|3 < ko tr(ECDEg ). Finally, D >
Amin (D) I implies D71 < Apin (D) 71 .. O

The factor depends on the target direction as well as the source tasks. A target aligned with a
well-covered direction can have a small factor even when other directions are poorly covered.? If
llaoll2 < L, the bound ¥(u) < L?*u/Amin(D) holds simultaneously for all such targets. The matrix
D gives a concrete measure of how strongly the source tasks constrain the shared representation.

13.3.2.3 Estimating the representation from source data

We estimate the shared subspace using a second moment of the source observations. The resulting
spectral estimator forms a representation from leading eigenvectors of a data-dependent matrix. For
the sample bound below, additionally assume &5 ~ N (0,02) on the source tasks. The moment
identity itself only uses centered noise of variance o independent of the covariates.

The estimator belongs to the spectral family of representation-learning methods. In linear models,
the representation is a subspace and the estimator recovers that subspace as the leading eigenspace
of a covariance or moment matrix. Kernel PCA, Laplacian eigenmaps, and spectral clustering
replace the linear moment matrix by a kernel matrix, graph Laplacian, or population operator.
Their coordinates can depend nonlinearly on the original input, while the learned representation
remains an eigenspace or a collection of eigenfunctions. Spectral methods therefore cover a broad
low-rank and operator-based family. The bibliographical notes place this family among other
representation-learning objectives.

Proposition 13.3.4 (Gaussian task moment). For one observation from a task with parameter Ba,
E[Y2XX "] = (||a||? + ¢%)I;+ 2Baa' B". (13.31)

Consequently the average population moment is
M, = (tr D+ 0?)I;+2BDB". (13.32)

If D > 0, its leading k-dimensional eigenspace is span(B), with eigengap 2Amin(D).
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Lecture 13: Representation learning and transfer 13-13

Proof. Put u = Ba. Since ¢ is independent of X and has mean zero,
E2e(X Tu) XX "] = 2E[]E[(X Tu)XX ] =0, E[2XX']=E[EXX "] =0o%I,.
For standard Gaussian coordinates,
BIXiX; X Xo] = L Lp—sy + L=y Li=s) + Lii=s} L=y
Expanding (X "u)? therefore gives E[(X Tu)2X X '] = |lu||21;+ 2uu". Since w = Ba and B' B = I,
|ul|2 =a" BT Ba = ||al|?, uu' = Baa' BT.

Combining the three terms in Y2 = (X "u + €)? now proves Eq. (13.31). Average this identity over
the source tasks:

T T
1 ZE}fththtTl ( ZHatHz—i—U >[d+23 (;Zata,j)B
= t=1
= (tr D +0?)I;+2BDB",
because T~ ! ", |la;||3 = tr D. This proves Eq. (13.32). Put ¢ = tr D + 0. If Dg = X\;(D)gq, then
M,(Bq) = cBq+2BDq = (c+2X\(D))Bg.

For v L span(B), the identity BTv = 0 gives M,v = cv. Thus the k eigenvalues on span(B) are
¢+ 2X;(D), every eigenvalue on its orthogonal complement is ¢, and the eigengap is 2Amin(D). O

The estimator forms

- 1 T n
:NZZ 12X X, (13.33)
t=1 j=1

and takes its leading k& orthonormal eigenvectors as the columns of B. Computing the moment and
a dense eigendecomposition costs O(Nd? + d*) arithmetic operations. The procedure consists of one
matrix accumulation followed by one eigendecomposition.

Here is an elementary finite-sample guarantee that makes the statistical and computational
claim explicit. Sharper analyses improve its dimension dependence.

Davis—-Kahan bound used below. Let M and M = M + F be symmetric matrices. Suppose
the leading k-dimensional eigenspace of M has orthonormal basis B and eigengap

v = Ae(M) = Apya (M) > 0.

If B contains leading k& orthonormal eigenvectors of M , then the Davis—Kahan theorem gives
~ 2||F
|(I; — BBT)Bl|op < min {1, ””Op} . (13.34)
Y

The left side is the sine of the largest principal angle between the two eigenspaces.
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13-14 Lecture 13: Representation learning and transfer

Theorem 13.3.5 (A finite-sample spectral guarantee). Suppose A = Apin(D) > 0, and let
V = max E[Y; || X 13]-
te[T]

The spectral estimator satisfies
laol 3V
NX2

In the Gaussian model, if s* = max;(||at||3 + 02), then

V < V105 s*/d(d + 2)(d + 4)(d + 6).

Proof. The goal is to control the target representation error E[AO(E)]. The representation-error
identity Eq. (13.28), which also starts the proof of Proposition 13.3.3, gives

Ao(B) = ||(Ia — BB")Bao|3
< |lao||3]|(1a — BBT) B2, (13.36)

E[A¢(B)] <

(13.35)

Thus it suffices to control the angle between span(ﬁ) and span(B).
Proposition 13.3.4 identifies span(B) as the leading eigenspace of M, and gives the population
eigengap
v =2, A = Amin(D).

Put F = M — M,. Applying Eq. (13.34) with this value of 7 gives

PP F 7
”(Id—BB )Bllop < mln{ [ )|\’°p} < | )\’F.

Substitution into Eq. (13.36) yields

ao(B) < 1902 e, (13.37)

The remaining task is therefore to prove E[|F||3] < V/N.
For this purpose, define
Wy =YX X5 Qy =Wy —E[Wy].

Proposition 13.3.4 and N = nT give
/\ 1 T n T
S ON RS SEAE
t=1 j=1 t—=1

Consequently, F = N~} >t @ij- The matrices @Qy; are independent and satisfy E[Qy;] = 0. Hence,
for (¢,7) # (s,7),
E[(Qtja er>F] = <E[Qtj]>E[er]>F =0.

Expanding the squared Frobenius norm therefore gives

1
EIIFIR] = 55 O ElIQul?] < < S ElWil]
t.j

’.7

1
= 7 S ENHIXy XS 3]
’j

|4
= 5 DOEVAIX ) <
’J
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Lecture 13: Representation learning and transfer 13-15

The inequality uses E[||W — E[W]||Z] < E[|W|?], and the penultimate identity uses ||zz ||z =
tr(zx 2z ") = ||z||3. Taking expectations in Eq. (13.37) now proves Eq. (13.35).

It remains to bound V under Gaussian noise. For each source task, Y;; = XtTlBat + €41 is
centered Gaussian with variance ||a:||3 + 0% < s2. Hence E[Y}3] < 105s%. Cauchy—Schwarz gives

E[Yii [ Xull3] < VENFIE[IXall5]. Since E[[| Xn 3] = d(d +2)(d + 4)(d + 6), we obtain

E[Y,}|| X4 < V105 s*\/d(d + 2)(d + 4)(d + 6).

Taking the maximum over ¢ proves the stated bound on V. O

13.3.2.4 Fitting the target head and bounding prediction risk

With B fixed, target training is ordinary least squares in k features. Let Zy € R™*¥ have rows
(BTXOJ»)—r and let Yo = (Yo1,...,Yom) . For m >k + 1, set

o= (Zy Z0) "2, Yo, 0= Bap. (13.38)

Computing the target features and fitting the head costs O(mdk + mk? + k3) arithmetic operations.
The exact Gaussian calculation in Appendix 13.A converts the representation bound into a guarantee
for the final target predictor.

Corollary 13.3.6 (Linear transfer guarantee). Under the assumptions of Theorem 13.3.5, let B be
the spectral estimate and fit the target head by Eq. (13.38) using m > k + 1 target examples. With X
and V' as in that theorem, the expected target excess risk is bounded by

k laol3V | 5 &
. 13.
m—k:—l) Na PO TR (13.39)

E[Ry(fo) — R5) < (1 +

Proof. The target sample is independent of B. Conditional on B , Theorem 13.A.1 gives

~ ~ k ~ k
E[||60 — Bao||5 | B] <1+m—k—1>AO(B)+UOm—k—1.
Average over the source data, apply Theorem 13.3.5, and use Eq. (13.27). O

The first term accounts for learning the representation from source data; the second accounts
for fitting the head from target data. For comparison, ordinary least squares using only the target
sample in RY has expected excess risk oad/(m —d — 1) when m > d + 1. Accurate source-based
features reduce the dimension in the target estimation term from d to k. Together with the arithmetic
costs above, Corollary 13.3.6 gives a computational and statistical guarantee for transfer.

Connection to neural representations. A downstream task can use a neural network’s frozen
features and a newly fitted head. The transfer analyses explain what a guarantee for that use
requires: source training must control the target representation error, and target data must suffice
to fit the head. For language-model pretraining, the remaining question is how next-token loss
constrains downstream representation error.
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13-16 Lecture 13: Representation learning and transfer

13.4 Take-home messages

e Joint ERM pays the representation complexity once across the source tasks and the head complexity
once per task. The shared boxes example gives a strict statistical advantage over independent
learning.

e Misspecification contributes the sharing cost Agnare. Reduced estimation error must compensate
for any added approximation error.

e A bound on Ag(h) in terms of A(h) converts source learning into a guarantee for a particular
target. The examples verify the relation and exhibit a case where it fails.

e With independent target examples and a frozen representation, head fitting pays only the head-
class complexity. Simultaneous individual-task guarantees require suitable source-to-task relations
for those tasks.

e In the Gaussian linear model, a spectral representation estimate followed by target least squares
has an explicit computation cost and a finite-sample target-risk guarantee.

Endnotes

1. We choose the multi-task setting of Section 13.2.1 where the task identities are known and
different heads needs to be learnt for each task for pedagogical reasons. An alternative, and
in many ways more common scenario, is when the data is not grouped based on tasks (thus
the information of which task a given example belongs to is hidden) and/or the same head
is to be used across all the tasks. Examples abound; one obvious case is language modeling
with multiple languages (e.g., English, German, Hungarian, Chinese, Python, Java, ...). In
these domain-agnostic (or task-agnostic) setting, the representation learnt could separate the
language agnostic content from the language identity, thus making the learning of the head
across many different languages more efficient.

2. Positive definiteness of D is sufficient for all targets. For a fixed target with ag € range(D),
the same proof on that range gives kg = ag Dtag, where D' is the MoorePenrose inverse.
Coverage of directions unused by the target is unnecessary.

Bibliographical notes

For a broad introduction, Bengio et al. [2013] survey representation learning, and Chapter 15 of
Goodfellow et al. [2016] gives a textbook treatment. The following map organizes several major
families by the information used to learn the representation and by the property retained in the
representation.

Linear, latent, and spectral structure. PCA retains directions of large variance; factor models
and ICA seek latent coordinates with additional statistical structure; graph and kernel methods
use eigenvectors or eigenfunctions of similarity operators. The review by Jolliffe and Cadima
[2016], the ICA book by Hyvérinen et al. [2001], and the spectral clustering tutorial by von
Luxburg [2007] provide readable introductions. Belkin and Niyogi [2003] show how a graph
Laplacian produces nonlinear coordinates for data near a manifold.
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Supervised task sharing and transfer. Labels from several tasks train features that support
task-specific heads. Multitask learning, learning-to-learn, and the linear model in this lecture
belong to this family. The statistical sources most closely connected to the lecture are discussed
below.

Reconstruction and generative modeling. Autoencoders, probabilistic latent-variable models,
and related generative methods learn coordinates that retain information needed to reconstruct
or model the observations. Bengio et al. [2013] and Goodfellow et al. [2016] connect these
objectives to deep representation learning.

Predictive and contrastive self-supervision. Context prediction, masked or next-token pre-
diction, and contrastive objectives derive training signals from the observations themselves.
Le-Khac et al. [2020] give an organized review of the contrastive branch.

Representations for sequential decisions. Control and reinforcement-learning methods seek
state variables that preserve reward-relevant and transition-relevant information. The overview
by Lesort et al. [2018] organizes reconstruction, forward-model, inverse-model, and robotic-prior
approaches.

Geometric and causal structure. Equivariant methods encode symmetries and relational struc-
ture; causal representation learning seeks variables that support interventions and distributional
changes. Bronstein et al. [2021] survey geometric deep learning, and Scholkopf et al. [2021]
survey causal representation learning.

Multitask feature learning and transfer have a substantial statistical literature for general classes
of representations. Baxter [2000] studies learning a hypothesis space from tasks sampled from an
environment. Maurer et al. [2016] gives general representation-class bounds for both observed-task
prediction and learning new tasks, with separate costs for representations and task-specific predictors.
The finite-class results here are elementary versions of this complexity separation, proved using the
tools already developed in the course.

The closest source for bounds such as Eq. (13.18) is the task-diversity condition of Tripuraneni
et al. [2020], Definition 3. Their condition bounds a worst-case target representation discrepancy
by an average source discrepancy divided by a diversity parameter, plus an additive error. Our
fixed-target formulation uses the transfer envelope ¥ and class-relative approximation errors; the
displayed finite-class theorem is proved directly. The transfer envelope ¥ expresses the connection
to the fixed source tasks directly.

The Gaussian linear model and moment estimator follow Tripuraneni et al. [2021]. The simple
Frobenius-moment bound in Theorem 13.3.5 is deliberately weaker than sharp analyses of this
model and provides a complete finite-sample argument. The eigenspace perturbation step is the
Davis-Kahan theorem [Davis and Kahan, 1970]. The inverse-Gram expectation in Eq. (13.45) is the
standard inverse-Wishart mean identity.

Tripuraneni et al. [2021] also study optimization-based representation learning. They use a
Burer—-Monteiro factorization of the task-parameter matrix and add a balancing regularizer. Under
their sub-Gaussian design, task-diversity, incoherence, sample-size, and uniform-task-sampling
conditions, every local minimum in a specified interior region recovers the shared subspace up to
statistical error. Their local-minimum result, together with general results on escaping strict saddles,
gives a route from first-order optimization to an accurate representation. Their theorem applies to
the regularized factorization in its stated constraint region.
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13-18 Lecture 13: Representation learning and transfer

Task-boundary terminology is illustrated by Aljundi et al. [2019]. The optional intrinsic-
dimension comparison in Appendix 13.B uses Kohler et al. [2026], Kpotufe [2011], Kpotufe and
Garg [2013], and Farahmand et al. [2007].

Glossary

Risk notation A sample in the subscript marks an empirical risk, so R; uses the law P; and Rg,
uses the sample S;. A bar averages over the T’ source tasks, giving R and Rg. A hat marks a
quantity returned by a learner, such as h or B. The subscripts src and trg distinguish source-
and target-side quantities.

Representation-learning algorithm A map A: (X x V)" — H X G returning a representation
and a head for supervised prediction.

Representation and head Maps h: X — Z and g : Z — Y, whose composition predicts a label.
In the multitask setting, h is shared and each task has its own head.

Multitask learning Jointly learning predictors for several tasks and evaluating on those tasks.

Transfer learning Using information learned from source tasks to learn a predictor for a target
task; here, fitting a new head on a frozen source-trained representation.

Learning-to-learn / meta-learning Learning how to fit new tasks from experience on source
tasks.

Joint ERM Minimization of average empirical task risk over one shared representation and one
head for each task.

Representation error A;(h) The extra population risk imposed on task ¢ by using h, after
optimizing the head, relative to the best pair in H x G.

Sharing cost Aghare The minimum average representation error over one shared h.

Transfer envelope ¥ The largest target representation error among candidate representations

whose average source representation error is at most a specified value.
Task-diversity matrix The matrix D = T~} Dot ata;r in the linear model. Its quadratic form

measures source coverage of a coefficient direction.

Spectral representation estimator An estimator that uses leading eigenvectors of a data-
dependent matrix to define the feature map.

Negative transfer The excess risk of a sharing or transfer procedure relative to a specified
nonsharing baseline.

Intrinsic dimension A dimension describing the geometry of an input distribution, rather than
the complexity of a shared family of tasks.
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13.5 Exercises

General instructions. Justify every answer, including yes/no answers, even when the question
does not explicitly ask for a justification.

Exercise profiles. Filled mountains show difficulty on a four-mountain scale: one is a direct
application, two uses a familiar method, three combines ideas, and four is a substantial challenge.
Filled cogs show technical load on a three-cog scale: one is light, two is sustained, and three is
dense. Filled hourglasses show estimated time: one is under 20 minutes, two is 20-45 minutes,
three is 45-90 minutes, and four is more than 90 minutes. Pale pictograms show the unused part of
each scale. The work row uses the canonical order 8 proof, f calculation, P construction, </»
computation, and Q interpretation; pale icons mark work types not used. @ marks the intended
learning outcome. Time estimates cover the non-optional parts. Ratings are not prerequisites or
grading weights. A superscript asterisk marks an exercise based on supplementary lecture material;
it is not a difficulty rating and does not make the exercise optional when assigned.

Joint learning and transfer

Exercise 1: Finite-class zero-loss bound.

© Extend the finite-class consistency argument from classification to bounded losses and independent
observations with different laws.

Use the setup immediately preceding Proposition 13.2.1.

(a) Let Z be a random variable with values in [0, 1]. Prove
P(Z=0) <1-E[Z].

Show that equality holds when Z takes values in {0, 1}.
(b) For a fixed f € F, use independence and part (a) to prove

P(¢(f(U3), V;) = 0 for every i € [m]) < e~ ™/,

(¢) Use a union bound to prove the probability statement in Proposition 13.2.1. Your argument
must apply to every choice among zero-training-loss members of F, including a randomized
choice.

(d) Integrate the resulting tail bound to prove the expected-risk statement. Explain where the
assumption that some f* € F has R;(f*) = 0 for every i is used.

Exercise 2: The approximation cost of sharing.

© Compute a sharing cost when every task is individually realizable, and compare its effect with the
estimation cost.

Let U,V be independent fair bits and let X = (U, V') on every task. A fraction p of the T" source tasks
have label U, and the remaining fraction have label V| where pT is an integer. Take H = {hy, hy }
with hy (U, V) =U and hy (U, V)=V, G ={z+ 2z, 2z~ 1—z}, and 0-1 loss. Each task supplies
n independent examples, and the task samples are independent.

(a) Compute R}, Ai(hy), and A;(hy) for both kinds of task. Deduce the exact value of Agpare.

(b) Specialize the agnostic joint-ERM bound to these classes, assuming exact empirical optimization.
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13-20 Lecture 13: Representation learning and transfer

(c) Suppose 0 < p < 1. Explain why increasing n cannot make the average risk of a shared
predictor tend to zero. Compare with consistent independent learning. Identify the assumption
of the realizable joint zero-loss theorem that fails.

Exercise 3: Sharpness of the transfer envelope.

© Show that the transfer envelope is the strongest target guarantee implied only by an average source
representation-error bound.

Let ¥ be the transfer envelope from Eq. (13.16).

(a) Prove that ¥ is nondecreasing and that Ag(h) < W(A(h)) for every h € H.

(b) Let ¢ : [0,00) — [0, 00) be nondecreasing and satisfy Ag(h) < ¢(A(h)) for every h € H. Prove
that ¥(u) < ¢(u) for every u > 0. When {h : A(h) < u} is nonempty, prove that some feasible
h.,, attains Ag(h,) = ¥(u). Explain the precise worst-case statement established by these facts.

(c) In the target-feature example of Section 13.3.1.2, compute ¥(0) and identify a maximizing

representation. Give a joint source-ERM tie-breaking rule that always selects this representation.
Explain why the value of ¥(0) does not imply that every source learner selects it.

Exercise 4: Coverage of a target and simultaneous task guarantees.

© Turn a quantitative source-to-target relation into useful guarantees for designated individual tasks.
Use the finite-class bounded-loss setup of the lecture, and suppose P{Z(ﬁ) < egre} > 1 — dgre.

(a) Suppose at least pT’ source tasks have the same law as a fixed target Fy, where 0 < p < 1.
Prove that Ag(h) < A(h)/p for every h. Explain why the factor depends on the fraction of
relevant source tasks, rather than their number alone.

(b) More generally, for targets j =1,..., ¢, suppose known constants ;, 8; > 0 satisfy A;(h) <
r;A(h) + B; for all h. Each target supplies m; fresh i.i.d. examples independent of the source
data. Freeze h and fit each head by exact ERM. Give a simultaneous bound on all ¢ excess
risks with probability at least 1 — dgrc — Opheads, assigning each head the same failure probability.

Are the target datasets required to be independent of one another for your proof?

Exercise 5: A small target sample can select the head.

© Sharpen the generic target-ERM bound when only the orientation of a shared Boolean feature remains to
be learned.

Use the label-reversal model of Eq. /\(13.7). Suppose the source procedure has an event of probability
at least 1 — dgrc on which 7 := Ag(h) < e < 1/4. Freeze h and select one of the two heads by ERM
on m fresh target examples independent of all source data.

(a) Conditional on a source sample in that event, prove that the probability of choosing the
higher-risk head is at most exp(—m/8). Allow arbitrary tie breaking.

(b) Deduce a guarantee that the final target risk is at most € with probability at least 1 — dgrc — Otrg-
Give sufficient n and m when the source learner is joint ERM with n examples from each of T’
tasks.

(c) For fixed ¢ € (0,1/4) and fixed confidence, compare the target sample requirement with the
boxes lower bound for a learner using only target data. Explain which information the source
data supply and which information the target data supply.
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HiNTs For each target example, the two heads’ mistake indicators sum to one. Apply Hoeffding’s
inequality to the empirical risk of the better head.

Linear representations

Exercise 6: Many repeated tasks can hide a shared feature.

© Distinguish the number of source tasks from coverage of the shared feature directions.

Let d = 3, k = 2, and let every source-task head have the form a; = (c;,0) ", where ¢; € R. Consider
the two feature matrices

B = [e1 eg] and B =[e; e3).

For either feature matrix, source task i generates Y = X " Ba; + ¢, where X ~ N (0,1I3) and the
same independent noise law is used in both models.

(a) Prove that the joint law of (X,Y) for every source task is identical under B and B.

(b) For uniform sampling from M source tasks, compute the task-diversity matrix

and its eigenvalues.

(c) Let the new-task head be apew = (0,1)7. Compute its ambient parameter under each feature
matrix. Explain why no procedure using only the source data can determine which of these
two new-task parameters is correct.

Exercise 7: The angle between tasks controls the eigengap.

© Relate geometric diversity among two task heads to stability of population moment recovery.

Let k = 2, and sample two source tasks uniformly. Their unit-norm heads are

a1—<é>, a2—<c9sa>, 0<a<
sin o

(a) Compute D = (aja; + asag )/2 and show that its eigenvalues are

v

_ 1+ cosa

1 —cosa
)\max(D) = 9 ) = 5

)\min(D) - 9

(b) Under the Gaussian model of Proposition 13.3.4, show that the gap between the second and
third eigenvalues of M, is 1 — cos a.

(c) Determine the leading-order behavior of this eigengap as « | 0. Explain why collecting
more observations from two nearly parallel tasks is statistically different from observing two
well-separated tasks.

HINTS The trace and determinant of D determine its two eigenvalues. Use 1 — cosa ~ «?/2 for the
last part.
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Exercise 8: Projection error is representation bias.

© Derive the deterministic approximation term that enters the new-task transfer risk.

Let B, B € R¥* have orthonormal columns, and define Pg = BB, P= EBST’ and
6 =1/(a— P)B”OP'
Fix an ambient task parameter 6 € R¢.

(a) Show that
min || Bb — 0|3 = ||(I; — P)0||3,
belk | Iz = l|({a )01l

and identify a minimizing vector b.

(b) If & = Ba, prove that R
(72 = P)OI3 < 6%[lall3.

(c) If = Ba + r with BTr = 0, prove that
1(1a = P)0l2 < dllallz + [|7l2-

Identify which term is caused by estimating the shared subspace and which term is present
even when B = B.
Exercise 9: An exact negative-transfer threshold.
© Determine when misspecification outweighs the variance saved by a known low-dimensional representation.
Assume the Gaussian new-task model of Theorem 13.A.1. Let n > d + 1, let & < d, and suppose
the noise variance is 02 > 0 and the parameter is § = Ba + r, where B'B = I;;, B'r = 0, and

the known representation B is used for transfer. Compare ordinary least squares in span(B) with
ordinary least squares in R%.

(a) Use Theorem 13.A.1 to write the exact expected squared parameter error of the representation-
restricted estimator and of the ambient estimator.

(b) Prove that the representation-restricted estimator has smaller expected error exactly when

2
2 O (d—k)
Irfl3 < Z==——.

(¢) Fix r # 0. Explain how the comparison changes as n grows. Also explain what happens to
ambient least squares when k 4+ 1 < n < d and when n € {d,d + 1}. For the latter case, you
may use the fact that the expected trace of the inverse Gaussian Gram matrix is infinite.

13.A Exact Gaussian head-estimation risk

This appendix gives the exact head-estimation term used in Eq. (13.39) and a concrete negative-
transfer comparison. Fix B € R¥* with orthonormal columns and 6 € R?. Put

~

P=BB',  A(6,B)=|(Is—- P)d|3. (13.40)
Observe n independent pairs with

V;=X0+e;, X;~N(0,I;), je€ln. (13.41)
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The noises are mutually independent and independent of all covariates, have mean zero, and have

common variance o2. Let Z have rows (B'X;)" and let Y = (Y7,...,Y;) . Define
a=(z"2"'7Z"y, 6=Ba. (13.42)

Theorem 13.A.1 (Exact Gaussian transfer risk). Under this model, if n > k + 1, then

k

E[|0 ~ 03] = A B) + (0 + A6 B) ——. (13.43)
For an independent test covariate X ~ N (0, 1), the expected prediction error is
E[(X'6— X"0)% =E[|6 — 63 (13.44)

Proof. Write b, = B0 and v = (I; — P)f. Then 6 = Bb, +v with BTv = 0, and
Y = Zb, + ¢, & =X/ v+ej.

For each j, R R R
Cov(B'X;, X v) = BTE[X; X[ Jv=B"v=0.

The two projections are jointly Gaussian, so zero covariance makes them independent. The noise
g; is also independent of X;. Therefore ¢ is independent of Z, has mean zero, and has covariance
(02 + ||v||?)I,,. Conditional on Z,

Ela— 0.3 1 2] = (6® + [0l3) tx((Z " 2)7").

The Wishart inverse-mean identity gives, for n > k + 1,

Iy,

E(2'2)) = =

(13.45)

Since B(a — by) is orthogonal to v,
16— 0113 = l[@ — .13 + [|]I3.

Take expectations. For the independent test covariate X, independence from 9 and EXXT] =1,
give

E[(XT0-X"0)2|6)=(0-0)"EXX)(0-0) =0 0]l3.
]

If B is random but independent of the target sample, apply the theorem conditionally on B
and then average. In the exact-sharing model § = Bayg, the resulting identity and Eq. (13.35) give
Eq. (13.39).

For a known correct representation, A = 0 and the risk is 0%k/(n — k — 1). Ambient ordinary
least squares has risk 02d/(n —d — 1) when n > d 4 1. For misspecified sharing # = Ba + r with
BTr =0 and B = B, the representation error is |7]|3. Exercise 9 asks you to derive the exact
comparison: the restricted estimator has smaller expected error if and only if

2
o _o(d—k)

The restriction can save variance with little target data, but a fixed nonzero residual eventually
outweighs that saving.
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13.B Optional comparison: intrinsic input dimension

A single regression problem can become easier because of the input distribution’s geometry, without
any sharing across tasks. For a pair (X,Y) with E[Y?] < oo, let Px be the input law on R¢ and
choose a measurable version m of the regression function, so m(X) = E[Y | X] almost surely. If Px
concentrates near a d*-dimensional set, a regression rate may depend on d* rather than d.

A theorem of Kohler, Molinero Rémer, and Krzyzak gives such a rate for a specified deep sigmoid
estimator: prescribed random initialization, random pruning before training, output truncation, and
full-batch gradient descent with data-dependent Armijo-style stepsizes. Include the training sample
and the estimator’s prescribed initialization and pruning in the same joint experiment. Under their
smoothness, tail, architecture, and tuning assumptions, and support in a shrinking neighborhood of
a compact Lipschitz manifold, their bound has the form

E[Hmn _ mH%ﬂ(PX)} < C/(lOg n)4d*L+d+3n—2p/(2p+d*)_
Here p is smoothness, L is the prescribed depth parameter, and the the tuning uses p,d*. The
tube radius is n_l/(2p+d*)(log n) "4~ not fixed positive thickness. The sufficient widths and
iteration counts have large polynomial exponents. This is a theorem for that procedure under those
assumptions, not evidence for the manifold hypothesis or a guarantee for ordinary network training.

Classical local methods also obtain intrinsic-dimension rates: Kpotufe’s nearest-neighbor result
adapts to local dimension, and Kpotufe and Garg’s kernel result adapts to local dimension and local
Holder smoothness. Farahmand, Szepesvari, and Audibert developed a related manifold-adaptive
program. Their assumptions and smoothness ranges should be compared explicitly, rather than
treating all rates as one identical theorem. The neural result’s distinctive content is its guarantee for
a specified gradient-descent estimator. Low-dimensional input geometry and shared representations
across tasks are different statistical assumptions.
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