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Reading guide. Lecture 11 showed that a -smooth objective decreases under gradient descent
when the stepsize satisfies n < 1/8. Under a u-PL inequality, the same update reduces the objective
gap geometrically, and the number of iterations needed for a fixed relative reduction is proportional
to /. Two questions remain. First, an implementation may not know [. Second, even the best
safe scalar step can be slow when different directions have very different curvature.

The two questions concern different limitations of gradient descent. An unknown [ prevents
the algorithm from choosing a certified scalar stepsize. A large ratio §/u means that every safe
scalar stepsize is slow in some directions. Backtracking addresses the first limitation by testing
proposed finite steps. Acceleration and preconditioning address the second limitation by changing
how information from different iterations or different parameter directions is used. Keeping stepsize
adaptation separate from conditioning improvement is important: a method can choose a safe
stepsize automatically and still converge slowly on an ill-conditioned problem.

The first part of this lecture develops backtracking line search, which tests the finite-step
inequality needed by the proof and therefore avoids advance knowledge of 3. The second part
explains the condition-number barrier for gradient descent and proves the main acceleration result:
for smooth, strongly convex objectives, the number of gradient evaluations needed to reduce the
objective gap by a fixed relative amount improves from order x to order \/k. The third part separates
scalar stepsize adaptation from adaptation of the update geometry. It first studies preconditioning
for a fixed smooth objective and then changes the information available to the update: AdaGrad
and Adam adapt to the subgradients or stochastic gradients observed during the run. AdamW adds
a separate choice about weight decay.

The principal results for a first reading are the backtracking guarantee, the linear acceleration
theorem and the corresponding lower-bound comparison, the preconditioning calculation, and the
distinction between scalar online adaptation, diagonal AdaGrad, and Adam. Material marked with -
may be skipped on a first reading. The prerequisites are the smoothness, convexity, strong-convexity,
and PL results from Lecture 11, together with eigenvalues of symmetric matrices.

12.1 Review: Gradient descent with smooth objectives

This section recalls why the usual gradient-descent stepsize depends on the smoothness constant.

The argument also separates the condition used by the convergence proof—a one-step decrease

inequality—from one sufficient certificate for that condition—a known global smoothness constant.
Let L : R — R be differentiable and bounded below, and put

L* = inf L(6).
HeRr?
The function is S-smooth when
IVL(u) — VL(v)||2 < B|lu —vl|2 for every u,v € R%. (12.1)
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12-2 Lecture 12: Accelerated and adaptive first-order methods

Smoothness converts first-order information at u into the quadratic upper bound

p

L(v) < L(u) + (VL(u),v — u) + §||v — ul|3. (12.2)

Applying Eq. (12.2) with u = 6 and v = 6 = 0 — nV L(0) gives

2% < 26) -0 (1- 51) IO (123)

The usual stepsize restriction now enters at one precise point. If n < 1/4, then
n
L(7) < L(0) - §HVL(9)H§- (12.4)

The role of 3 is therefore quite specific. Knowledge of 8 guarantees Eq. (12.4) at every parameter,
for every step with n < 1/8. The convergence proof, however, uses the decrease inequality itself;
the proof does not otherwise use the numerical value of 5. Moreover, the argument gives only a
sufficient restriction on the stepsize. A larger step may still satisfy the same decrease inequality at
the current parameter. Section 12.2 uses the distinction between the decrease inequality and the
numerical value of # to construct a stepsize rule: propose a step, test the required decrease, and
shorten the step only when the test fails.

12.2 Adapting to an unknown smoothness constant

This section develops a stepsize rule for the common situation in which a useful value of  is not
known. Sometimes the available analysis gives only a conservative bound B > . The stepsize
1/B is safe, but a large ratio B/ makes gradient descent take smaller steps, and possibly more
iterations, than the sharper bound would require. The first part of Exercise 1 asks you to quantify
the additional iteration cost on a quadratic objective. In other problems, no finite upper bound on
B may be available to the practitioner.

The preceding decrease calculation suggests searching for a safe upper estimate of 5. At a
parameter 6, let ¢ = VL(0) and let M > 0 be a tentative upper bound on . The estimate M

defines the trial point

(M) =6 — %g. (12.5)

If M is indeed an upper bound, so that M > g, then Eq. (12.3) with n = 1/M gives

L6 00) < 26) - 37 (1= 557 ) 1918 < £0) = 5 1ol

Thus M > (3 is a universally safe range: every estimate in that range guarantees a decrease of at
least ||g||3/(2M). The factor 1/2 is the largest constant certified uniformly over all 3 < M, because
the worst case 5 = M makes the preceding coefficient exactly 1/2.

Although the value of 3 is unknown, the promised decrease can be tested using function values.
For a tentative estimate M, accept the trial point when

L (M) < L(6) — 5Nl (12.6)

Every quantity in Eq. (12.6) is available: the gradient g determines 6% (M), and one objective
evaluation gives L(67(M)). If the test fails, increase the estimate geometrically by replacing M with
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Lecture 12: Accelerated and adaptive first-order methods 12-3

pM for a fixed p > 1, form the new trial point, and test again. Repeating these operations is called
backtracking line search. The search variable is the curvature estimate M; after M is accepted, the
gradient step uses the corresponding stepsize 1/M.

The search must terminate because every M > (3 passes Eq. (12.6). Starting from Mgy, after
k failures the estimate is p¥Miiart, S0 a safe estimate is reached after only logarithmically many
trials. If Mgiare < 3, the first estimate that reaches the safe range is smaller than pS. Geometric
increases therefore find an estimate within a factor p of the threshold §; an additive increase would
depend on the numerical scale of 3.

The name backtracking describes the movement of the trial point. Each increase of M shortens
the step and moves 07 (M) back toward 6 along the negative-gradient direction.

The acceptance test is local and can succeed before M reaches 3. The constant 3 controls the
quadratic upper bound for every pair of parameters, whereas Eq. (12.6) concerns only 6 and the
proposed successor 7 (M). If the test accepts a value M < (3, the algorithm takes a step larger
than 1/5 without requiring the same curvature bound to hold elsewhere.

Backtracking gradient descent. The complete method uses an initial estimate M,y > 0 and a
multiplier p > 1. At iteration ¢:

(1) compute g: = VL(6y);
(2) set M = Minix when t = 0, and set M = M;_1 when ¢t > 1;
(3) form 6% (M) = 6; — g;/M and test whether

1
L(OF(M)) < L(6:) - m”gtﬂg-
If the test fails, replace M by pM and repeat this item;
(4) set My = M and 601 = 61 (My).

Rejected trials do not require additional gradient evaluations. The current parameter has not
changed, so the method reuses g; and pays only for the objective values at the new trial points.

At every iteration t > 1, the algorithm begins with M;_;. Consequently, (M;) is nondecreasing,
and every rejected trial causes a permanent geometric increase in the estimate. The monotone rule
gives the simple one-time bound on rejected trials proved below. The limitation is that the method
may miss a smaller locally safe estimate, and hence a larger safe stepsize, at a later iteration.

Example 12.2.1 (The safe range is exact on a scalar quadratic). The smoothness argument proves
that every M > [ passes the acceptance test. The scalar quadratic shows that this sufficient
condition is also necessary in the worst case. Let L() = $6/2. Then

0+ (M) = (1 - ]@) 0.

For 6 # 0, substituting into Eq. (12.6) and dividing by 36?/2 gives the exact equivalence

1—£2<1—£ = M>p (12.7)

M) — M - ’
Thus the threshold § is not an artifact of the proof: on this objective, every smaller estimate fails.
More general objectives can still accept M < [ when the curvature encountered by the current
step is smaller than the global worst case. Exercise 1 asks you to analyze both the exact quadratic
threshold and the possible gain from local curvature.
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124 Lecture 12: Accelerated and adaptive first-order methods

Proposition 12.2.2 (Termination and a bound on M;). Suppose that L is [3-smooth. Run the
backtracking gradient descent defined above with Minyx > 0 and p > 1. Every search terminates after
finitely many trials, and, for everyt > 0,

M, < max{Minit, pB}. (12.8)

Proof. The calculation preceding Eq. (12.6) shows that every M > /3 passes the test, so each search
terminates. We prove Eq. (12.8) by induction on t. At ¢ = 0, the algorithm first tests Mipi;. If the
first trial passes, then My = Mini;. Otherwise, the algorithm multiplies the trial value by p until My
passes. The immediately preceding value My/p was rejected and must therefore satisfy My/p < 3.
Hence either My = Miyit or My < pB, which proves Eq. (12.8) at ¢t = 0.

Now suppose the bound holds at ¢ — 1. If iteration ¢ accepts its first trial, then M; = M;_1 and
the induction hypothesis applies. If iteration t rejects at least one trial, then its last rejected value
is My/p < B, s0 My < p. The bound follows in both cases. O

Proposition 12.2.2 also bounds the extra objective evaluations used by the search. Across all
iterations, the number of rejected trial points is at most

Nrject < max {O, {logp ﬁ—‘ } ) (12.9)

init

Every rejection multiplies the current estimate by p, the sequence (M) is nondecreasing, and
every estimate at least  passes the test. Hence T' iterations require at most 7'+ Nyeject Objective
evaluations at trial points, in addition to the T" gradient evaluations.

12.2.1 The deterministic price is a constant

Proposition 12.2.2 and Eq. (12.9) bound the extra objective evaluations used to choose the steps.
The next theorem bounds the number of gradient iterations: under the PL inequality, the gradient-
iteration bound needed to reach a prescribed objective gap is at most a factor p larger than the
corresponding known-£ bound.

Theorem 12.2.3 (Backtracking under PL). Suppose that L is (-smooth and satisfies
1
§||VL(9)||5 > u(L(9) — L) for every 6 € R%. (12.10)

Run the backtracking gradient descent defined above with multiplier p > 1 and initial estimate
Miniy > 0. Put M = max{ My, pB}. Then

t
L(6) — L* < <1 - A‘;) (L(60) — L*). (12.11)
Proof. Acceptance and Eq. (12.10) give
1
_Ir< I & 2
L(O1) — L < L) — " = 5 [TLO)IB
H *
< <1 - Mt> (L(0;) — L*).

By Proposition 12.2.2, M; < M. Replacing u/M; by the smaller number u/M and iterating proves
the claim. ]
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Lecture 12: Accelerated and adaptive first-order methods 12-5

With the fixed stepsize 1/, the objective gap satisfies

L(01) — L* < (1 - g) (L(6,) — L*).

If Miniy < S8, backtracking instead guarantees the one-step objective-gap multiplier 1 — u/(pf3) and
adds the trial objective evaluations counted above. The number of gradient iterations remains

0 <i1gL<90>L)

€

Thus adaptation to an unknown deterministic smoothness constant changes the iteration bound
only by the constant factor p. Backtracking may do better than the worst-case factor-p comparison
when the values M; that pass the local test are smaller than the global constant 5.

The conclusion relies on access to exact objective values at the trial points. A noisy minibatch
loss does not generally certify the same inequality for the full empirical objective or the population
objective. Adaptation in the stochastic setting therefore requires a different argument.

12.3 The condition number and gradient descent

This section identifies the limitation that remains after backtracking has found a safe scalar step.
One scalar must accommodate every parameter direction, so a step that is stable in a high-curvature
direction can make little progress in a low-curvature direction. A strongly convex quadratic makes
this condition-number obstruction exact and prepares the acceleration analysis in the next section.

Consider )
L() = 5eTHe -b'0,  O0<pul <H=BI (12.12)
The quadratic objective has the unique minimizer §* = H~'b. If e; = 0; — 6*, gradient descent gives
err1 = (I —nH)es. (12.13)
After diagonalizing H = Q diag(\1,...,\q)Q ", every eigencomponent evolves as
(a5, e1) = (1= mA) (g5, o). (12.14)

For this quadratic, the sharp choices of the smoothness constant and the strong-convexity or PL
constant are = Apax(H) and g = Apin(H). With these choices, the condition number defined in
Lecture 11 equals the spectral ratio

_ B Amax(H) (12.15)

w )\min(H)

If 8 and p are instead loose bounds in u/ < H < I, then 3/ is an upper bound on the spectral
ratio. A step small enough to be stable in the largest-curvature direction changes a smallest-curvature
component by only a fraction of order 1/k per iteration.

The two-dimensional diagonal case makes the obstruction explicit. For

L(O) = 5 (w8} + 563),

the step n = 1/ eliminates the second coordinate in one iteration, whereas the first coordinate

obeys
1
Orr11 = <1 - > 0,1
K
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12-6 Lecture 12: Accelerated and adaptive first-order methods

The same scalar stepsize must accommodate both directions. Backtracking can discover that 1/
is safe, but discovering the safe value does not change the recursion 6;1;; = (1 — 1/k)6;; in the
flatter direction.

Proposition 12.3.1 (Best constant step on a quadratic). For Eq. (12.12), define

= max |1 —nl)|. 12.16
q(n) AeW]I nA| ( )

For every H satisfying ul < H =X BI, gradient descent satisfies

lecralla < g(n)llet|2. (12.17)
The constant step
2
R —— 12.18
Tlopt ﬁ+/~/4 ( )

minimizes q(n) over n > 0:
k—1

‘ — _ , 12.1
lgggq(n) 4(1opt) = — 1 (12.19)
Consequently,
k—1\"
< . 12.20
leela < (557 ) leol (1220

If eg # 0 and Heg = Xeg for some \ € {u, B}, then equality holds in Eq. (12.20). Hence, when
k > 1, for every fixed ¢ € (0,1) and every such pair (H, ep),

min{t > 0: |legl|2 < clleoll2} = Log((;iggﬁi - 1))] =0(k) (k- o). (12.21)

Proof. Diagonalizing H in Eq. (12.13) gives
lexrallz < max |1 =nA; fleclla < g(n)lledl2,

which proves Eq. (12.17). For fixed n > 0, the function A — |1 — 7| is convex, so its maximum
on [u, B] occurs at A = p or A = 3. Expanding the two absolute values gives four affine functions.
The inequalities 1 — S < 1 —nu and nu — 1 < nB — 1 remove the two dominated functions, so
q(n) = max{1l — nu,nB — 1}. The first function decreases with 7, the second increases with 7, and
they are equal exactly at n = nopt = 2/(8 + p). Consequently,
o) = {1 —np, 0<n < Nopt,
77/8 - 17 n Z nopt‘

The maximum therefore decreases up to nopt and increases after 7,pt, so its minimum occurs at
Nopt- Substitution gives Eq. (12.19). Iterating Eq. (12.17) proves Eq. (12.20). If Heg = Aeg for
A € {u, B}, then e; = (1 — noptA)leg. For A = p, the multiplier is (k — 1)/(k + 1); for A = S,
the multiplier is —(k — 1)/(k + 1). Hence |les||l2 = ((k — 1)/(x + 1))!||eo||2 in both cases. The
sign alternates when A = (3, but the norm is unchanged. Thus equality holds in Eq. (12.20).
Solving g(nopt)! < ¢ gives the exact iteration count in Eq. (12.21). The ©(k) relation follows from
log((k+1)/(k — 1)) = 2/k + O(1/kK?). O
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Lecture 12: Accelerated and adaptive first-order methods 12-7

The error after ¢ steps has the form
et = pt(H )eo, pe(A) = (1— ﬁ)\)t'

A method that combines past iterates can generate a degree-t polynomial with a smaller maximum
magnitude on [y, §]. Acceleration chooses such a polynomial without computing an eigendecomposi-
tion.

The polynomial formulation also explains why acceleration concerns more than a larger stepsize.
Repeated gradient descent applies the same linear factor to every eigenvalue at every iteration. A
method with memory can choose the coefficients of a degree-t polynomial to reduce maxy¢/,, 3 [Pt(A)]-
The iterates implement the recurrence for the chosen polynomial using gradients and a small amount
of stored state.

12.4 Reducing the condition-number dependence with acceleration

This section asks whether a first-order method can make faster progress in low-curvature directions
without taking an unstable gradient step in high-curvature directions. The backtracking procedure
used smoothness, and its linear-rate theorem added the PL inequality without convexity. The direct
acceleration argument below narrows the setting. Throughout the derivation, L is S-smooth and
pu-strongly convex, and 6* is its unique minimizer. Acceleration retains the preceding displacement
and reduces the iteration-count dependence from k to \/k.

The design begins by deciding what the method may store and what quantity the analysis should
decrease. Gradient descent stores one parameter vector. We permit one additional parameter-sized
vector v; € R% and treat (0¢,v¢) as the state. Thus the method uses twice the parameter memory of
gradient descent, apart from the gradient and temporary vectors. For an undetermined coefficient
v > 0, consider the Lyapunov function

V(0,v) = L(§) — L* + gHv — 9|2, (12.22)

The objective gap is the quantity that we want to control. The second term allows the analysis to
record progress that is stored in the auxiliary state. Since

L) —L*<V(b,v) for every 6,v € RY, (12.23)

a geometric bound on V' immediately gives the same bound on the objective gap. We therefore seek
an update and a number 7 € (0, 1] such that

V(0t+1, 'l)t_|_1) < (1 - T)V(at, ’Ut). (1224)

We search within a four-parameter update family. Requiring the intermediate point to equal the
common stored vector when 0; = v; suggests an affine combination of 8; and v;. The parameter
update takes a gradient step from that point, and the auxiliary-state update combines the two
state vectors affinely and adds a gradient correction. A general linear two-state update would
introduce more coefficients. We use the restricted family below with b € (0, 1], so the state part of
the v; update is a convex combination. The verification will determine a, b, ¢,n, and the potential
coefficient v:

ye = (1 —a)b; + avy,
Or41 = Yy¢ — N9t 9t = VL(y),
Vi1 = (1 = b)ve + byr + cge. (12.25)
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12-8 Lecture 12: Accelerated and adaptive first-order methods

We now substitute the update directly into the next potential. Smoothness gives

* v *
V(Oir1,ve41) = L(Op11) — L™ + §||Ut+1 — 0|3

. B’
< 2w -2 - (0= "0 ) ol
+ g (1 = b) (v = 6*) + blye — 6%) + cgel3 - (12.26)

The coefficient subtracted from ||g;||3 is largest at n = 1/8. With that choice, expanding the squared
norm gives

V(O o) < Llye) = L+ 5 (1= B)(wr = 0%) + by — 0%
2
+ ve g, (1 —b)(ve — 0%) + by — 6%)) + (’/; - 215> lg¢]|3. (12.27)

The coefficient b in the auxiliary-state update suggests trying 7 = b in the contraction target
Eq. (12.24). The state part of the update satisfies

11 = B) (e — %) + by — 0%)12 = (1 = B)llo — 613+ bllye — 0*113 — b(L — B)Joe — well3.  (12.28)

The identity assigns weight 1 — b to the squared distance involving v; and weight b to the squared
distance involving y;. To use the same split for the objective gap, fix 0 < v < u and apply strong
convexity to its b-weighted part:

bv
b(L(yt) - L*) < b(g, ye — %) — ?”yt - 9*||§- (12.29)

Combining Egs. (12.27) to (12.29) then gives

v N bv
V0rrnon) < (1) (L) = 2+ o = 0718 - s~ )
+b{gt, yr — 0") + ve(ge, (1= b)(ve — 07) + b(ye — 07))

vc? 1 9
—_ - . 12.
(% - 55 ) lal? (1230

The first line has the proposed factor 1 — b. The next two lines determine the remaining coefficient
choices.
At this point, the design has imposed

n:B, T =0, 0<v<p.

The values of a, b, ¢, and v remain to be selected within these restrictions. To eliminate 8* from the
two inner products in Eq. (12.30) and produce another factor 1 — b, set

ve=—b = c=——. (12.31)

Indeed, the two inner products then satisfy

b(ge, ye — 07) — b{(ge, (1 = b)(ve — 6") + b(y: — 07))
= —b(1 = b){(ge, vt — yr)- (12.32)
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Lecture 12: Accelerated and adaptive first-order methods 12-9

Substituting Eqgs. (12.31) and (12.32) into Eq. (12.30) gives

N by
VOt o) < <1—b>( () — L+ o= 13— 2 - ytu%—wgt,vt—y»)

o1 )
+ (5~ 35) lal3 (1233

The squared-gradient term in Eq. (12.33) is nonpositive when 5? < v/B. Under this condition,

bv
V(Ori1,001) < (1—b)< ()~ * + Sloe— 013 — 2 o — yt||%—b<gt,vt—yt>>. (12.34)

Add and subtract (g¢, 0; — ;) in Eq. (12.34). Convexity gives L(y;) + {(gt, 0: — y:) < L(0;), and hence

bv
VO onan) < (0= 0) (Vi6r00) = 5 o = sl + oo — ) ) (12:35)
Choose the intermediate point so that the last inner product vanishes:
Or — ye = b(ye — ve). (12.36)
For y, = (1 — a)0; + avy,

0y — yr = a(ty — vy),
b(yt — Ut) = b(l — a)(Ht — ’Ut). (1237)
Thus Eq. (12.36) determines

b

(12.38)
Using Eq. (12.36) in Eq. (12.35) gives
1%
V(01 veen) < (1 =) (VO v) = 520100 = will3) < (1= 0V (01, v0). (12.39)

The contraction factor is 1 — b, subject to b*> < v/8 and 0 < v < u. The largest admissible b is
obtained from

1
v=p, b=r1= %:—;. (12.40)
This choice proves the target Eq. (12.24). The completed coefficient choices give the coupled updates
Gt + Tt
= 12.41
Ut 147 ) ( )
1
Or1 =yt — BVL(yt), (12.42)
1
V1= (I—T)v + 7 (yt - MVL(%)) . (12.43)

The auxiliary state v; was useful for choosing the coefficients and proving the contraction.
Eliminating v; gives an equivalent implementation that stores the two most recent parameter
iterates. Set 8_1 = 6y and

l—7 Ji-1
= = : 12.44
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12-10 Lecture 12: Accelerated and adaptive first-order methods

The coupled update is equivalent to the two-step recursion

yr = b + (0 — b1—1), (12.45)
1
Ori1 =y — BVL(yt). (12.46)

This two-step recursion is the usual form of Nesterov’s accelerated gradient method. Exercise 2 asks
you to verify the equivalence and complete the proof of the accelerated rate.

The point y; extrapolates the displacement 6; — 0;_1, and the second line takes an ordinary
gradient step from the extrapolated point. The update evaluates one gradient and stores two
parameter vectors per iteration. The derivation illustrates the general strategy: specify the desired
progress measure, introduce state that can retain the missing information, and choose the coefficients
so that the available inequalities prove the desired one-step change. Eliminating the auxiliary state
then gives a simpler implementation.

Theorem 12.4.1 (Accelerated linear convergence). Suppose that L is [3-smooth and p-strongly
convex, let k = B/, and let 0* be its minimizer. Set vy as in Eq. (12.44) and initialize 0_1 = 6.
The iterates defined by Eqs. (12.45) and (12.46) satisfy

L(6) — L* <2 (1 - \}E)t (L(6p) — L*). (12.47)

Consequently, for 0 < e < 2(L(6y) — L*), L(0;) — L* < € whenever

2(L(0) — 1*)

t > klog (12.48)

The proof is completed in Exercise 2. The preceding calculation supplies the potential contraction
Eq. (12.39); the exercise eliminates vy, bounds the initial potential using strong convexity, and
derives Eqgs. (12.47) and (12.48).

Quadratic interpretation. The quadratic calculation explains how the resulting method acts in
different curvature directions. Let ¢ be an eigenvector of H with eigenvalue A, and write

et(N) = (q,0; — 6%).

For the quadratic objective in Eq. (12.12), Eqgs. (12.45) and (12.46) give

err1(\) = <1 — 2) (14 7)er(N) — verm1(N)). (12.49)

Gradient descent uses a first-order recurrence in each eigendirection; accelerated gradient uses the
second-order recurrence Eq. (12.49). The calculation explains the role of memory after the method
has been derived. The related Chebyshev construction in Section 12.9.3 solves the exact finite-degree
minimax polynomial problem for quadratics.

Nesterov and heavy-ball momentum. Nesterov’s method evaluates the gradient at the
extrapolated point g;. Polyak’s heavy-ball method instead uses

Or+1 = 0r — musV L(0;) + vyup(0r — 01—1).
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For a quadratic with spectrum in [y, 8], the quadratic-optimal fixed parameters and the resulting
worst-case asymptotic spectral factor are

_ 4 2 o ¥YE-l o oL
nHB_(\/B‘f‘\//j)Q’ YHB , 1 ®<\/E)

Thus heavy ball has accelerated /x dependence on strongly convex quadratics. The quadratic
guarantee is not uniform over all smooth, strongly convex objectives: the same parameters can fail
to converge on a nonquadratic objective. By contrast, Theorem 12.4.1 gives Nesterov’s guarantee
over the entire smooth, strongly convex class. Section 12.9.3 shows that Chebyshev semi-iteration
has the heavy-ball form with coefficients that vary with ¢ and converge to np and yup.

The gradient-evaluation comparison is

O<Hlogw> and o<ﬁlogw>. (12.50)

€ €

/

gradient descent acceleration

Both methods require one gradient evaluation per iteration. Exercise 3 asks you to derive the same
square-root dependence by restarting a smooth convex accelerated method.

The reduction from x to \/k in the worst-case number of first-order oracle calls is optimal in the
standard first-order oracle model. In this model, the method queries a parameter § and receives L(6)
and VL(0); each new query may depend on the preceding queries and replies. The lower bounds
also explain why the assumptions must be stated carefully.

Proposition 12.4.2 (Relevant first-order lower bounds). Fiz k > 1 and consider dimensions large
enough relative to the number of oracle calls. Let N, denote the number of oracle calls required to
produce 0 satisfying

L(#) — L* < e(L(6) — L*). (12.51)

(a) For every deterministic first-order method, there is a smooth, strongly convex quadratic instance
on which

N. =0 <\/Elog 1) | (12.52)

(b) For the larger class of smooth objectives satisfying the PL inequality, without a convexity
assumption, every deterministic first-order method has an instance on which

1
Ne=Q </{log ) . (12.53)
€

Part (a) shows that the square-root dependence on k is optimal over the smooth, strongly
convex class. Part (b) concerns the general smooth PL class, which includes nonconvex objectives,
and rules out a general O((y/klog(1/€)) guarantee over the full smooth PL class. Smooth convex
PL objectives form an intermediate class: the restart construction below attains the square-root
dependence for that class.

The smooth convex O(1/t?) result is a different acceleration theorem. The main result here is
the linear convergence bound Eq. (12.47); the smooth convex result and a restart argument are
summarized in Section 12.9.2.
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12.4.1 Accelerating when the condition number is unknown

The fixed parameters in Eqs. (12.44) and (12.46) use both § and p. If certified bounds B > 5 and
0 < m < u are available, one may use B and m in their place; the resulting guarantee depends on
B/m. We now separate the two kinds of missing information.

First suppose that p is known and g is unknown. Section 12.2 searched for a curvature estimate
by testing the smooth quadratic upper bound at a proposed gradient step. The same test can be
applied at the extrapolated point 3. A trial curvature estimate M > 0 defines

0" (M) =y — %VL(%) (12.54)
and is accepted when
L0 (M)) < L(ye) + (VL(y), 0 (M) — ) + %H@*(M) — |2 (12.55)

The acceptance inequality is the smooth quadratic upper bound with M in place of 3, evaluated
only at y; and 6+ (M). Every M > 3 passes the test. After a rejection, replace M by pM for a
fixed p > 1 and test the shorter step. The search therefore terminates after finitely many objective
evaluations.

Acceleration links the gradient step and the momentum coefficient in the same potential inequality.
An accelerated backtracking method supplies the accepted curvature estimate to both parts of the
accelerated update. With p known and exact objective values available, standard accelerated

backtracking schemes attain
L(6y) — L*
N.=0 <\/Elog (°)> (12.56)
€

without receiving 8 as input. Changing the gradient-step denominator while keeping v fixed leaves
the potential calculation in Eq. (12.39) unjustified; accelerated backtracking recomputes the coupling
coefficients when the curvature estimate changes.

Unknown p requires a different procedure because the momentum coefficient cannot be obtained
from the smoothness test. Suppose now that L is convex, its minimum is attained, and it is S-smooth
and p-PL for an unknown p > 0. Write ©* = argmin L and define

dist *) = inf — 0%|s. 12.
ist(,07) = inf [z 0"} (12.57)
The PL inequality implies the quadratic-growth bound

L(z)— L* > %dist(z, 0*)2. (12.58)

Run the smooth-convex accelerated method for s iterations and then set both stored parameter
iterates equal to the current parameter before continuing. The inner method can use a known 3 or
the accelerated backtracking procedure above. One such run between resets is a restart epoch. If
one epoch uses s gradients, Eq. (12.128) gives

L(A(2) — I* < — % (L(z) - L*). (12.59)

(s+1)

Thus an epoch length s = ©(y/k) reduces the objective gap by a constant factor, and repeated
restarts attain

N.=0 (ﬁlog L(QO)E_L*> . (12.60)
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When « is unknown, an adaptive restart rule searches for an epoch length on the scale /. For
example, if L* is available, one can try epoch lengths 1,2,4, ... from the same starting point until
the observed objective gap decreases by one half. The successful search uses O(y/k) gradients, after
which the accepted epoch length can be reused. Exercise 3 asks you to prove this claim. Choosing
the epoch length without either p or L* requires a different test; the bibliographical notes cite
provable rules and common practical heuristics. The optional reading derives the smooth-convex
Lyapunov bound and the restart calculation.

12.5 Preconditioning changes the geometry

This section studies a different response to poor conditioning. Backtracking chooses one scalar step,
whereas preconditioning changes the relative scale and direction of the parameter coordinates. A
preconditioned gradient update uses a symmetric positive-definite matrix P:

9t+1 == Gt - nPVL(Gt) (1261)

The matrix can rescale coordinates and mix them. The purpose of P is to make the objective better
conditioned in the geometry used by the update.

Matrix preconditioning introduces a second meaning of adaptation. A line search changes one
scalar according to the objective decrease observed at the current point. A preconditioner changes
the relative scale and direction of the coordinates. The difference between scalar line search and
matrix preconditioning matters in a large model: one scalar can control overall stability, while a
matrix can assign substantially different effective stepsizes to different parameter directions.

Proposition 12.5.1 (Preconditioning as a change of coordinates). Let 0 = PY27 and define
L(z) = L(PY22). If B
Zit4+1 = 2t — UVL(Z,:), (1262)

then 0, = Pl/ta satisfies
915.;.1 = 9t — UPVL(Qt) (1263)

If L is quadratic with Hessian H, then the Hessian in the z coordinates is
H = PY?HP'Y?. (12.64)
Proof. The chain rule gives VL(z) = PY2VL(PY2z). Thus
Zir1l = 2t — nvz(zt)
maps, after multiplication by P2 o
Or+1 =0, — PV L(0;).
Applying the chain rule twice gives Eq. (12.64). O

For the quadratic in Eq. (12.12), the ideal choice P = H~! gives H = I and condition number
one. A dense global matrix, however, requires ©(d?) storage and arithmetic per matrix—vector
product for a model with d parameters. Such a cost is not a realistic per-iteration option at modern
model dimensions. A whole-model preconditioner must normally cost O(d), or at most about
O(dlogd), to store and apply. More expensive factorizations can be useful only on small blocks or
when the factorization cost is amortized over many gradient steps.
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Restricting the cost also restricts the matrices that can be represented. A diagonal preconditioner
costs O(d) but cannot represent any cross-coordinate interaction. A block-diagonal preconditioner
with blocks of size at most b costs O(db) to store and apply; the block-diagonal form discards
interactions between blocks. Factoring all such blocks can cost O(db?) when the factors are refreshed.
Low-rank and Kronecker-factored forms retain other selected interactions, but neither type can
represent an arbitrary dense inverse Hessian. If the discarded interactions contain the poorly
conditioned directions, no general condition-number improvement follows. Exercise 4 gives a two-
dimensional example in which diagonal Hessian scaling leaves the condition number unchanged
while full preconditioning reduces it to one.

A common neural-network example makes the approximation explicit. The Fisher information
matrix is the expected outer product of log-likelihood gradients. For a fully connected layer with
weight matrix W, a per-example gradient has the outer-product form

Vil =da',

where a is the incoming activation and J is the back-propagated derivative at the layer output. The
corresponding Fisher block contains

E[(aa") ® (657)]. (12.65)

Here ® denotes the Kronecker product. A Kronecker-factored approximation replaces the expectation
in Eq. (12.65) by
Elaa'] @ E[55"]. (12.66)

The factorization discards dependence between activations and back-propagated derivatives, and a
layerwise block approximation also discards cross-layer interactions. Rigorous convergence results
exist for restricted overparameterized or infinite-width network models, but no general theorem says
that a low-rank or Kronecker-factored preconditioner improves the conditioning of a finite multilayer
network.

Preconditioning also changes solution selection when the minimizer is not unique. Lecture 10
showed that the optimization geometry can determine which interpolating or separating solution is
approached. Better conditioning and changed implicit bias are therefore separate consequences of
the same matrix update.

12.6 AdaGrad adapts to observed gradient geometry

Backtracking adapts to curvature by evaluating the objective at trial points. That test is practical
when reliable objective values are inexpensive. In large-scale minibatch training, evaluating the
full empirical objective requires a pass over the data, and every trial on the current minibatch
requires another forward pass. Trials evaluated on different minibatches also produce noisy values
for different functions. These costs motivate adaptive rules that use the first-order observations
already computed by the training procedure.

AdaGrad gives a clean example of such a rule. Its guarantee applies to subgradients of convex
losses, including losses with no smoothness constant 5. This section first studies scalar adaptation
in online convex optimization: the method nearly matches the bound obtained by choosing the best
constant stepsize after all gradients have been observed, without knowing the horizon or the future
gradient norms. AdaGrad then applies the same idea coordinate by coordinate. The coordinatewise
refinement can improve the scalar bound when gradient activity is sparse or uneven.
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Scope of the online model. The online model supplies the historical and mathematically clean
setting for AdaGrad’s adaptive subgradient guarantee. The regret theorem gives an exact comparison
with a stepsize selected after the gradient sequence is known. Its formal scope is online convex
optimization. Under an i.i.d. sampling model with L(z) = E[{;(x)], convexity and the averaged
decision Tp = T~1 Zle x; give the online-to-batch relation

E[L(7r) ~ L(u)] < 1 E[Regy (u)]. (12.67)

Language-model training is a nonconvex stochastic problem outside that scope. Here the theorem
identifies the origin and precise meaning of AdaGrad’s adaptive update.

The online problem supplies a sequence of convex losses instead of the one fixed objective L
used above. To mark the change of setting, we write x; for the online decisions. At round ¢, the
learner chooses z; before seeing the current loss ¢, and then receives a subgradient g; € 9¢y(zy).
Performance is compared with one fixed decision u chosen after the whole sequence is known. The
regret, is

T
Regp(u) = Y (b(y) — Ly(u)). (12.68)
t=1
A sublinear regret bound means that, for every fixed comparator u,
T
1
Regr(u) =o(T) <= = > (elwe) = e(w)) — 0. (12.69)
t=1

The guarantee is deterministic and allows the loss sequence to be adversarial; no sampling model is
required.

Let X be a closed convex set with Euclidean diameter at most D > 0. Projected online gradient
descent with a constant stepsize n > 0 satisfies

2 T
7]
Regp(u) *2 B} E ll9¢]13- (12.70)

If the entire sequence were known before the run and at least one gradient were nonzero, the right

side would be minimized by

n = b (12.71)

T
Zt:l Hgt”%

The best value of the constant-stepsize upper bound is

T T 1/2

. 77

w5 3| =0 (hatz) n2m2)
t=1 t=1

The tuned stepsize depends on future gradients and therefore cannot be supplied to the online
algorithm.

Theorem 12.6.1 (Scalar adaptation to the observed gradient scale). Define
¢ 1/2
si= (3w
s=1
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and use the projected update

D
T4 = Uy (Cvt - Stgt> 7 (12.73)

with no change when Sy = 0. Then, for every u € X,

1/2
3
Regy(u S35 (Z H.%HQ) : (12.74)

Proof. It Sp = 0, then every ¢g; = 0, and convexity gives ¢;(z;) — ¢;(u) < 0 on every round. Suppose
therefore that S > 0, and let ¢y be the first index for which S;, > 0. Rounds before ¢; again
contribute nonpositive regret. For ¢ > tg, set n, = D/S;. Since u € X, the projection inequality
gives

lze1 = ull3 < llze = nege — ull3 = llze — ull3 = 206(gs, 2 — w) + 0 | 9e15- (12.75)

Rearranging Eq. (12.75) yields

i = w3 = s =l
12.76
o + 2l (12.76)

<gta Ty — U) S

Convexity gives
Ce(ze) — Le(u) < (gt ¢ — u).

Combining the last two inequalities gives the one-step bound

2 2
It — U —|Tt+1 — U Nt

- <
Et (l‘t) ét (’LL) <~ 27715 9

We next sum the distance terms. Summation by parts is the discrete analogue of integration by
parts. The mnemonic

/ﬂrﬂ@—/&@ F—f =g

says to move the derivative—or, for a sum, the finite difference—from one factor to the other and
retain the boundary terms. Put 4; = |lz; — ul|3. Directly expanding the finite sum gives

T T
Z A — A _ Ay + Z (1 _ 1 ) A — AT+1, (12.77)
o, 2 W G N2 20 2

The sequence S; is nondecreasing, so 1/n;, = S;/D is also nondecreasing. Every coefficient in
the middle sum of Eq. (12.77) is therefore nonnegative. Using A; < D? and discarding the final
nonpositive term yields

T, T )
2 A A e §j ( ) _ D" _Dir (12.78)
R 2771to i \2m 2 207 2

For the gradient terms, S? — S% | = || gt||% and hence

||gt||2_T g SIS N
Z =D (Si= 8= <2) (Si—S1) =28 (12.79)

t=to t=to ¢ t=to

Multiplying Eq. (12.79) by D/2 bounds the gradient sum in the one-step inequality by DSp.
Combining the two sums proves Eq. (12.74). O
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Combining Eqgs. (12.72) and (12.74) gives

3 D n&
< —1 _— — 2 . .
Regy(u) < 3 %g%{ o 3 ; Hgtllz} (12.80)

Thus the adaptive guarantee is within a factor 3/2 of the best value of the constant-stepsize upper
bound Eq. (12.70). The procedure does not need the horizon or a bound on the gradient norms, but
the procedure still uses the domain diameter D. Adaptation is always relative to a specified set of
unknown and known quantities.

Diagonal AdaGrad applies the same argument separately to each coordinate. Let X = H?Zl [ai, bi],
with coordinate diameter D; = b; — a;.

Define the accumulated coordinate magnitude

' 1/2
Gi = (52 + Zgii> . d>o0. (12.81)
s=1

Diagonal AdaGrad uses
D.
Ti41,i = g, ;) (l“t,i - C#Qt,z’) . (12.82)
(2

)

When 6 = 0 and G;; = 0, the coordinate is left unchanged. A small positive ¢ is commonly used to
avoid division by zero.

Theorem 12.6.2 (Data-dependent regret of diagonal AdaGrad). With 6 = 0, the iterates in
Eq. (12.82) satisfy, for every u € X,

T g T 1/2
Z(ft(%ﬁ) —li(u)) < 5 ZDZ‘ ( thz) : (12.83)
i=1 1

t=1 t=

Exercise 5 asks you to prove the theorem. To compare the diagonal and scalar guarantees, define

d 1/2 T 1/2
=1 t=1

Cauchy—Schwarz gives

J - 1/2
ZDiSi < Ds <Z ||gtH%> : (12.84)
=1 =1

Thus the diagonal AdaGrad bound is never worse than the corresponding scalar adaptive bound
with the box’s Euclidean diameter. The comparison is between the two upper bounds; a comparison
of realized losses requires separate analysis. If all D; are equal and only k coordinates ever receive
gradients of comparable cumulative magnitude, then, in the exactly equal case,

d
Z;:l D;S; - :\/5' (12.85)
Dy(X- llgel13)

The diagonal regret upper bound is therefore smaller by the factor y/d/k, with the largest factor
Vd attained when k = 1.
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The theorem identifies the specific sense in which AdaGrad is adaptive. AdaGrad records
the gradient magnitudes observed in each coordinate, and the regret bound depends on the same
recorded quantities. A sparse or uneven gradient sequence can therefore yield a smaller comparator
bound than scalar adaptation.

The smooth-objective and online analyses use gradient information differently. For one fixed
smooth objective, the quadratic upper bound converts a gradient step into objective descent, giving
an O(1/T) convex objective-gap bound or geometric objective-gap decay under the PL inequality.
In online convex optimization, adversarially changing losses prevent telescoping of objective values
from different rounds. The online proof uses a squared-distance recursion and retains the cumulative
squared gradients. Under bounded gradients, the theorem gives the usual average-regret bound: if
lgills < G, then

T
3DG
f —E < — . 12.86
; ) = 6lw) < 25 (12:56)

AdaGrad pays for long-term memory in another way. The denominator G;; never decreases.
A large gradient early in training permanently reduces later steps in that coordinate. Permanent
dependence on early gradients is appropriate for the adversarial online regret theorem but can be
too conservative when gradient scales change during nonconvex training.

The statistic G?,z‘ is a sum of squared gradients. A diagonal entry of the Hessian is a derivative
of a gradient coordinate. Particular probabilistic models can relate these quantities, but their
definitions and general roles are different. AdaGrad constructs an adaptive diagonal geometry from
the observed gradients.

12.7 Adapting to changing gradient scales

AdaGrad retains every past squared gradient in its denominator. A large gradient therefore reduces
every later step in the same coordinate, even after the relevant gradient scale has changed. Neural-
network gradients can also differ greatly across coordinates and across stages of training. Adam
uses recent squared gradients to set coordinatewise scales and uses recent gradients to set the
update direction. This section first explains that design and then studies an exact logistic-regression
example.

Given a stochastic gradient g; € R? at 6; and initial states mg = vy = 0, Adam uses

my = fime—1 + (1 — B1)gt, (12.87)
vr = Pave—1 + (1 — B2)(9t © gt), (12.88)
. m . v

t = 1 _t Vy = 1_7t (12.89)

€t+1 = 9t — (1290)

\F—i-e

Products, square roots, and division are coordinatewise. The numerator 7, averages recent gradients
and supplies the direction. The denominator supplies one scale per coordinate. Unrolling its recursion
gives

=(1-82)>_ B (95 ©gs)- (12.91)
s=1

Thus a squared gradient observed ¢ — s iterations ago receives weight ﬁé_s. AdaGrad assigns weight
one to every past squared gradient; Adam assigns geometrically decreasing weights. The parameters
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B1,P2 € [0,1) determine the two memory timescales, a > 0 is a base stepsize, and ¢ > 0 controls
the update when the recent squared gradients are small. When ¢ = 0, the coordinate ¢ update in
Eq. (12.90) is defined whenever v;; > 0; the scalar examples below have a nonzero gradient at every
finite iterate.

The factors 1 — 81 and 1 — S5 correct the initialization at zero. For a constant gradient sequence,
the corrected quantities equal the corresponding first and squared gradients at every iteration. The
quantities «, 1, B2, and € remain algorithmic choices.

RMSProp is the earlier method that uses the same recent-square scaling with the current gradient
in the numerator. A common version uses

Orv1 =01 — vy = Pove—1 + (1 — B2) (9t © g¢)- (12.92)

gt
NOEE
Setting 57 = 0 in Adam gives the bias-corrected version of this update. Convergence-to-stationarity
guarantees for RMSProp require explicit smoothness, noise, and hyperparameter conditions. Convex
counterexamples rule out an unconditional convergence guarantee.

We next examine Adam’s behavior on a simple separable logistic problem. For the special
case 81 = B2 = 0, the calculation gives an exact comparison between the normalized update and
constant-stepsize gradient descent, and shows that normalization can produce faster loss decay in
this setting.

Example 12.7.1 (Loss decay on a one-dimensional logistic problem). Let

1

L) =log(1+e7 %), L0 = T (12.93)
Constant-stepsize gradient descent satisfies
[ N —— (12.94)
1+ efe
For every n > 0, the iterates obey
Jim 1L(0,) = 717 (12.95)
The normalized update with o > 0 gives
Orr1 =0, — am =0; + «a, tliglo e L(0;) = e . (12.96)

Thus the loss decays as 1/t for the constant gradient-descent stepsize and exponentially for the
normalized update.

To verify Eq. (12.95), set u; = . The iterates in Eq. (12.94) increase without bound, and

Upr] — Up = Uy [exp(lfu ) —1} — .
t

The Stolz—Cesaro theorem gives u;/t — 7, and log(1+1/u;) ~ 1/us proves Eq. (12.95). The identity
0; = 0y + at proves Eq. (12.96).

The normalized update in the example is the RMSProp and Adam special case 51 = B2 = 0 and
¢ = 0. The calculation proves exponential loss decay for this scalar problem. Comparisons on other
objectives require their own analysis.
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The same special case gives an exact interpretation of € > 0. The update becomes

|1/ (6:)]
Or1 =0 + . 12.97
=T e 1290
For 0 < £ < 1, the gradient threshold |L'(0)| = ¢ corresponds exactly to the loss level
L) = —log(1 —¢). (12.98)

When |L'(6;)| > e, the update in Eq. (12.97) is approximately the normalized update. When
|L'(0;)| < e, the update is approximately a gradient step with stepsize a/e. In fact,

. €

tlgélo tL(6;) = o (12.99)

To obtain the limit, again set u; = e and observe that Ug41 — up — a/e. Thus € = 0 preserves

exponential decay, whereas every fixed € > 0 eventually returns to 1/t decay after a potentially long

normalized phase. For general Adam, the transition occurs when \/ﬁ is comparable to €. Each
coordinate has its own transition, determined by the recent gradient history.

Exponential forgetting removes the monotonicity used in AdaGrad’s regret proof. An old large

gradient can cease to constrain the effective step even when that gradient remains important for the

optimization objective.

Example 12.7.2 (An extreme forgetting failure). On [—1, 1], repeat the three linear losses

63]9_;,_1(1‘) =(Cr, fgk_;,_g(l') = €3k+3($) = —z, C > 2.

The three losses sum to (C' — 2)z over each block, so the best fixed point is x = —1. Take the
projected Adam special case 1 = 82 =0 and € = 0, and fix 0 < a < 2. For g, = ¢}(x), the update
is
Gt

w1 =y g (xt — a‘gt‘) ) (12.100)
The update normalizes every nonzero gradient to its sign. Starting from z = 1, the iterates used for
one block are 1,1 — a, 1. The next block again begins at 1. Every block therefore incurs the same
positive regret. After K blocks,

3K

D (i) — £(-1)) = K(2(C - 2) + ). (12.101)

t=1
Exercise 6 asks you to calculate the iterates and the exact block regret.

The example proves an online convex optimization failure:

Regs(—1)  2(C—-2)+«
e = - > 0. (12.102)

Failures also occur in stochastic convex optimization and in deterministic batch optimization.
Separate counterexamples establish the following two statements.

—_
o

(a) Let Z be a random data example. There is a convex loss ¢(; Z) for which Adam applied to the
stochastic objective
L(0) =E[¢(6;=)] (12.103)

produces iterates satisfying
dist (6;, arg min L(6)) /= 0. (12.104)
0
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(b) A deterministic batch version of Adam with bias correction has trajectories that approach a
nonoptimal period-two limit cycle on the strongly convex quadratic

L(0) = 592, c> 0. (12.105)

For such a trajectory, there are two distinct states s; = (a,my,v4) and s_ = (—a,m_,v_)
with a # 0 such that

(02, mag, var) — sy, (0241, Mat 41, vary1) — S—. (12.106)

The deterministic construction uses y/v; + € in the denominator; the update in Eq. (12.90) uses
\/v¢ + €. The construction rules out a global convergence guarantee for the former batch Adam
variant. Its conclusion concerns the existence of particular trajectories and leaves behavior from
standard initializations and default hyperparameters open. Long-memory variants such as AMSGrad
restore a nondecreasing second-moment envelope for the corresponding convex analysis.

Positive convergence theorems for Adam provide basic reassurance under restricted assumptions.
An advantage over scalar adaptation or SGD requires a sharper comparison. Recent results identify
settings in which the coordinatewise normalization can improve the bound. Examples include
objectives with nonuniform smoothness of the schematic form

IVL(w) = VL(v)ll2 S (Lo + Li[[ VL (u)l2) [lu — vl

locally, and problems whose gradients or curvature are favorable in £, or blockwise geometry. These
results give problem-dependent comparisons with scalar methods. A universal ordering of Adam
and tuned SGD and a hindsight-best diagonal guarantee comparable to AdaGrad’s theorem remain
unavailable.

Adam remains a practically important optimizer, including for transformer training. Existing
theory and empirical evidence support particular mechanisms and regimes. The denominator is an
exponential average of squared gradients. Default hyperparameters still require empirical validation,
and the available theorems apply to specified objective and noise classes.

12.7.1 Decoupling weight decay from adaptive scaling

The logistic example sends the parameter to infinity along the separating direction. Practical
training often includes weight decay to control parameter growth. For an adaptive method, the
placement of this shrinkage changes the update. This subsection derives two common updates and
then returns to the scalar logistic example.

Suppose an adaptive method uses a positive diagonal matrix D; and applies an £5 penalty to
the objective:

A
F(0) = L(6) + §H9H%-
The update is
011 = 0 — aD; Y (VL(0) + M0;) = (I — aAD; 10, — aD; 'V L(6;). (12.107)

The adaptive matrix scales the penalty gradient. Coordinates with different entries of D; receive
different amounts of shrinkage.
AdamW applies decoupled weight decay:

01 = (1 — a\)b; — aD; 'V L(6y). (12.108)

Last revised: 2026-10-26 09:07 UTC-06:00



12-22 Lecture 12: Accelerated and adaptive first-order methods

The factor multiplying 6; is independent of the adaptive gradient geometry. For ordinary unprecon-

ditioned gradient descent, D; = I and the two updates coincide. For a general adaptive diagonal

matrix, the two updates define different algorithms. Exercise 7 asks you to verify the distinction.
For the normalized scalar logistic update in Example 12.7.1, AdamW gives

9t+1 = (1 — a)\)ﬁt + . (12.109)

If 0 < aX < 2, then

1
b — . L(6) — log(1 4+ e V) > 0. (12.110)

The limiting parameter is finite, and the limiting unregularized logistic loss is positive. The
weight-decayed and unregularized procedures therefore optimize different training criteria.

The algebra also clarifies the design choice. An #5 penalty belongs to the objective, so an
adaptive optimizer preconditions the penalty gradient together with the loss gradient. Decoupled
weight decay prescribes uniform multiplicative shrinkage in the chosen parameterization. The two
updates encode different parameter preferences.

12.7.2 How acceleration and adaptation enter neural-network training

The methods in this lecture solve different problems, and practical training often combines several
of them. Momentum SGD and Nesterov-style momentum are used for neural networks. The smooth
strongly convex acceleration theorem assumes a deterministic objective with global constants p and
B. General neural-network training has a nonconvex objective and noisy minibatch gradients, so
the theorem supplies no rate for that setting. The momentum coefficient and the base learning rate
therefore remain empirical choices in such applications.

AdaGrad and Adam modify a different part of the update. AdaGrad assigns coordinatewise
scales from all past squared gradients. The permanent accumulator is useful when rare or sparse
coordinates should receive larger updates, but the same permanence can make later updates too
small when the gradient scale changes. Adam uses exponential memory so that the coordinatewise
scales can change. AdamW combines that normalization with uniform weight decay. Transformer
training provides extensive empirical use of AdamW. Available theory gives guarantees in restricted
models and leaves a universal comparison with momentum SGD open.

A learning-rate schedule controls the global multiplier left outside these direction and normaliza-
tion choices. For a known training budget T, a single cosine decay has the form

o Omax — Omin
Qp = Qmin +

t
. 1+aw”>, 0<t<T (12.111)

T

The schedule makes relatively large updates early and reduces the global step scale smoothly near
the end of a fixed-budget run. A warmup phase increases the learning rate from a smaller initial
value to amax during a prescribed number of initial iterations and is often placed before the decay.
Cosine decay is fixed before training: a; depends only on ¢ and the chosen schedule parameters.
The choices of amax, Omin, the warmup length, and T still require specification. When cosine decay
is used with Adam, the coefficients 51 and (2 usually remain fixed. The weights 5%‘5 and Bé_s
assigned to past gradients therefore decay at the same rate throughout training. Near the end
of training, however, the smaller oy means that the parameters move less during one fixed-length
memory window, so the remembered gradients come from more similar parameter values. Forgetting
per iteration is constant; the memory window becomes longer relative to the rate at which the
parameters move. The original cosine-annealing proposal used repeated cycles with warm restarts;
a single decay uses one cycle without restarting.
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12.8 How much tuning can be removed?

Each method studied above removes a particular tuning requirement. Backtracking selects a safe
stepsize without being supplied with §; scalar and diagonal AdaGrad select stepsizes without
knowing the future gradient scales. RMSProp and Adam track recent coordinatewise scales while
retaining a base learning rate and memory parameters. Exercise 8 asks you to recover the exact
comparisons with the corresponding methods tuned in advance. This section addresses the broader
question: can one algorithm match a tuned method when several properties of the problem are
unknown?

We use the phrase tuning-free for a comparison between a self-tuning method and a specified
reference method. A tuning-free claim must specify the quantities supplied to the reference method,
the looser information supplied to the self-tuning method, and the performance criterion. Two
important results show both the scope and the limits of such claims.

12.8.1 Adapting to the regularity of a deterministic objective

Universal convex methods address an entire family of regularity regimes. Suppose that L is convex
and that, for some unknown v € [0, 1] and H, > 0, the first-order oracle obeys

lg(w) = g(o)lle < Hollu—vls,  g(u) € OL(u). (12.112)
Let R = ||6p — 0*||2. Given a target objective error € > 0, a universal accelerated method can attain
HV H% 2420
LOy)—L*<e after N=O| inf |[— Ri+3v (12.113)
ve(0,1] €

first-order oracle calls, without being supplied with v or H,. For v = 1, the bound becomes
O(\/H1R?/e), the accelerated smooth-convex rate. For v = 0, it becomes O(H3R?/€e?), the
nonsmooth rate. The same method selects the appropriate rate from the observed first-order
behavior.

12.8.2 Matching tuned SGD with several unknown scales

Stochastic optimization makes the comparison more demanding because the observations used for
tuning are noisy. Consider a convex, S-smooth objective on a convex set of diameter D. At a query
6, suppose the oracle returns G(0) satisfying

E[G(9) | 8] = VL(0), |G(0) — VL(#)||2 <o almost surely. (12.114)
With suitable tuning, variants of SGD attain the high-probability rate
~ . ~(BD?* oD
L(Or)— L* = —+ —= 12.11
) -1 =0 (Pp+ 2. (12115)

where O suppresses logarithmic factors in the failure probability and the number of oracle calls.
A tuning-free counterpart of SGD receives loose ranges containing 5, D, and o, and must match
Eq. (12.115) up to logarithmic factors in the widths of those ranges.

Proposition 12.8.1 (Scope of tuning-free stochastic convex optimization). For the bounded-domain
problem above, algorithms exist that match Eq. (12.115) up to logarithmic factors without the exact
values of B, D, and 0. On the unbounded domain R?, replace D by the initial distance

D, = |60 — 6*J2. (12.116)
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No algorithm supplied only with loose ranges for the problem scales can guarantee

~ ~ BDQ oD,
L6 L*:O< L 12.117
(0r) =+ (12.117)
uniformly over all smooth convex objectives and bounded-noise stochastic oracles. The impossibility
already holds for one-dimensional objectives.

The logarithmic factors depend on the loose parameter ranges, T, and the requested failure
probability.

The bounded domain supplies a finite upper bound on how far a minimizer can be from the
initial point. On an unbounded domain, two stochastic problems can produce the same observations
with substantial probability while having different values of D, and different optimal tuning. An
algorithm then makes the same choices on both problems, although matching Eq. (12.117) would
require different choices. Extra assumptions on the noise can make its scale estimable and restore
positive results. The bibliographical notes give the precise theorems and references.

For neural-network training, the result identifies the information that a strong tuning claim
would have to address. The parameter domain is usually unbounded, the objective is nonconvex,
and the minibatch oracle is noisy. Adam’s coordinatewise normalization leaves the base learning-rate
schedule, memory parameters, numerical stabilizer, and weight decay to be selected. A theorem
comparing an automatically selected training recipe with the best tuned AdamW or SGD recipe
would require a specified model class, stochastic oracle, training budget, and performance measure.

12.9 Optional reading”

This optional section proves the smooth-convex accelerated rate with a time-varying Lyapunov
function, uses that rate to obtain linear convergence by restarting, and gives a spectral explanation
for quadratic acceleration.

12.9.1 A Lyapunov proof of smooth-convex acceleration

The smooth-convex accelerated method uses a growing coefficient in its Lyapunov function. The
growth of that coefficient produces the 1/t? rate that will be converted into geometric decay by
restarting.

Let Ag = 0 and initialize 6y = v9 = z. For the state (6;,v;), consider

1
Ey = A (L(6;) — L*) + Fllve = 0*|3. (12.118)

The design objective is to keep F; nonincreasing while making A; grow. For vy = vy — ay+194,
expansion gives

Loees — 618 = 2l — 013 — aees v — %) + L 3 (12.119)
For 6,41 = y1 — g1/, smoothness gives
At (L61) = 1) < A (L) - 1) = 552 Il (12.120)
The two squared-gradient terms cancel when
At _ % = Ap1 = Bag, .

26 2
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Use a1 > 0 also as the increment A1 — A;. The two design requirements are therefore

App1 = Ay + a1 = Badyy, (12.121)
and define
Al + a0
N
41
gt = VL(yt),
Vi+1 = VUt — Gt4+10G¢,
A0 1
Orpq = TG _ 2 (12.122)
A B

Proposition 12.9.1 (Smooth-convex acceleration). Suppose that L is convex and -smooth and that

the minimizer set ©* is nonempty. The iterates in Eq. (12.122) satisfy Eyr1 < Ey. Consequently,
for everyt > 1,

23 dist(z, ©*)?

L(,) — 1 < 224tz 017

AL (12.123)

Proof. The smoothness and auxiliary-state terms have already been expanded in Egs. (12.119)
and (12.120). After substituting A;41 = Ba? ; into the smoothness bound, it remains to control the
term L(y;) — L*. Convexity at y;, applied to 6; and 0* with weights A; and a1, respectively, gives

Ag(L(0:) = L(yt)) + ar1 (L* = L(ye))
> (g1, Ae(0r — yt) + ar11(0° — yt)) = —ar1(gt, v — 0%),
where the equality uses Ay11y: = A0 + azr1v:. Rearranging yields
At+1 (L(yt) — L*) S At (L(Gt) — L*) + Q41 (gt, U — 0*> (12124)

Adding Eqgs. (12.119), (12.120) and (12.124) cancels the inner-product and squared-gradient terms
and proves F;11 < Fj.

The rate now follows from a lower bound on A;. If ¢¢ = /BA;, then Eq. (12.121) implies
qt2le = q? + q441, and hence g1 > ¢4 + 1/2. Since ¢ = 1,

t+1)°
a,> LD sy, (12.125)
4B
Finally, choose a minimizer 6* closest to z. Then E; < Ey = dist(z,0*)?/2 and A,(L(6;) — L*) < E;
give Eq. (12.123). O

The cancellation in the proof explains the coefficient equation A1 = Ba? +1- The method
is a standard coupled representation of Nesterov’s smooth-convex accelerated gradient method;
eliminating v; gives its familiar two-step form.

12.9.2 Restarting acceleration under convex PL

This subsection derives the accelerated linear rate for smooth convex PL objectives. The argument
combines smooth-convex acceleration with the quadratic-growth consequence of PL. Strong convexity
is one sufficient condition for this result.
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Let Ag(z) denote the output 05 of Eq. (12.122) after s gradient evaluations, starting from z. By

Proposition 12.9.1,
23 dist(z, ©*)?

L(As —L*< 12.12
()~ 1 < (12.126)
The quadratic-growth bound Eq. (12.58) gives
2
dist(z,0%)* < =(L(z) — L*). (12.127)
I
Combining the two inequalities yields
4K
L(A —L* < —(L(2) = L%). 12.128
(An(2) - L7 < P (L) - 1) (12.128)

Choose s = [v/8k]| — 1 and restart the method from the preceding output after every s gradients. If
zr is the parameter after r epochs, then

L(z) — L* <277(L(20) — L*). (12.129)

The total number of gradient evaluations needed to obtain L(z,) — L* < € is therefore

<flog L= ) L*> (12.130)

The additional symbols Ag, s, and r describe the inner method, the epoch length, and the epoch
index. They are needed only for this restart construction.

12.9.3 Implementing the minimax polynomial by Chebyshev iteration

This subsection identifies the degree-t polynomial with the smallest worst-case residual on [y, /]
and derives a first-order iteration that generates that polynomial. Chebyshev semi-iteration has the
algebraic form of a heavy-ball update with time-varying coefficients. It is neither the fixed-coefficient
Polyak heavy-ball method nor the Nesterov method in Section 12.4.

For the quadratic Eq. (12.12), a linear first-order method whose iterates use past gradients and
linear combinations has an error of the form

€t = pt(H)€07 pt(o) = 17

for a polynomial p; of degree at most ¢. The condition p;(0) = 1 has a direct meaning: when \ = 0,
every gradient vanishes in that eigendirection, so the error remains equal to its initial value. For
every H satisfying ul < H = I, the Euclidean error satisfies

leellz < max, [pe(N)] lleoll2- (12.131)

Proposition 12.9.2 (Polynomials generated by gradient descent). Constant-step gradient descent
generates

pe(A) = (1 =nA)".

Gradient descent with predetermined steps 1ng, ..., M—1 generates
t—1
ZIOVE | [CE/2VE
§=0

Thus repeated constant-step gradient descent restricts p; to a power of one linear factor.
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Proof. Each eigencoordinate satisfies ej1(A) = (1 —n;A)e;(A). Iterating the scalar recursion gives
both formulas. ]

Let T; be the degree-t Chebyshev polynomial, characterized by T;(cos ¢) = cos(t¢). Assume
0 < p < B throughout this subsection. If g = 3, then H = 1, and one gradient step with stepsize
1/ reaches 6*.

Theorem 12.9.3 (Minimax residual polynomial). For every integer t > 1,

min max [p(A)] = — (12.132)
PERN], deg(p)<t AE[u,f] (Tt (M) ‘
p(0)=1 B—p
A minimizer is
T, (B+p=22
pi(A) = W- (12.133)
)
t\B—p
Proof. The affine map
v B+ p—2A
B—p

sends [u, 5] to [—1,1] and sends A = 0 to a = (8 + p)/(8 — 1) > 1. Under the displayed affine
change of variable, a feasible polynomial p becomes a degree-t polynomial ¢ satisfying ¢(a) = 1.
The displayed polynomial is feasible, and |T3(z)| < 1 on [—1, 1], so the maximum magnitude of the
displayed polynomial is the right side of Eq. (12.132).

To prove optimality, suppose that another transformed feasible polynomial ¢ had a strictly
smaller maximum. At the ¢+ 1 alternating extrema x; = cos(jm/t), the polynomial T}(z) —T;(a)q(x)
has the sign of T3(x;) = (—1)7. The difference polynomial therefore has at least one root between
every consecutive pair of extrema and also vanishes at © = a because ¢(a) = 1. A nonzero polynomial
of degree at most ¢t cannot have these t + 1 distinct roots. O

Proposition 12.9.4 (Chebyshev iteration implements the minimax polynomial). Put

_ Btu

a—B_M, Cy = Ti(a).
Starting from 6y, set
2
For every t > 1, compute
4Cy Ci—1
01 =0, ——————VL(O;)+ 0 —6—1). 12.135
t+1 t B—1)Cimt (6¢) Ct+1( t —0i-1) ( )
Then
e = py(H)eg for every t > 0. (12.136)
The scalar coefficients can be computed from
C() = 1, Cl = a, Ct+1 = QCLCt — Ct—l- (12.137)

Thus each iteration uses one gradient evaluation, the current iterate, the preceding iterate, and scalar
coefficients determined by p and B.
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Proof. The recurrence Ty+1(z) = 22Ti(x) — Ti—1(x) and Eq. (12.133) give

2Ct < 2 > thl
i AN)=—=—a————)pi(\) — r1(A).
Pry1(A) Crn 3—u pi(A) Ct+1pt 1(A)

The scalar recurrence in Eq. (12.137) implies

2 _
CLCt -1 + Ct 1 '
Ciy1 Cii1

Substituting H for A\, applying the resulting polynomial identity to ey, and using VL(0;) = He; gives
Eq. (12.135). Finally, p1(A\) =1 —2X/(8 + u) gives Eq. (12.134). Induction proves Eq. (12.136). O

Corollary 12.9.5 (Euclidean-error bound for the minimax polynomial). The minimaz value in

Eq. (12.132) satisfies

mex g} (V)] <2(ﬁ‘1>t.

AE[u,B] VE+1
Proof. Put
VE—1
r= .
VE+1

Direct calculation gives
B+p k+1  r+rt

f—p k-1 2
The identity Ty((u +u~1)/2) = (u’ + u~t)/2 therefore gives

B+p\ rt4rt
Tt(ﬁ—u>_ 2

Taking the reciprocal yields
27t :
14 r2 s 2
which proves Eq. (12.138).

Corollary 12.9.6 (Relation between Chebyshev iteration and heavy ball). Let

VE—1
r= .
VE+1

The Chebyshev update Eq. (12.135) has the heavy-ball form

Op1 = 0y — "V L(0y) + 7" (00 — 01-1),

where
Ch 4Cy Ch Ci—1
" =72 N~ Yo = .
(B = 1) Cita Cry1
The coefficients satisfy
4
lim 7]tCh = lim fy,fjh =72,

t—00 (\/B + \/ﬁ)27 t—00

(12.138)

(12.139)

(12.140)

(12.141)

Thus the limits are the quadratic-optimal Polyak heavy-ball coefficients. Chebyshev iteration uses
the time-varying coefficients in Eq. (12.140) to attain the finite-degree minimazx polynomial; fized-

coefficient heavy ball does not attain that polynomial in general.
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Proof. The calculation in the proof of Corollary 12.9.5 gives

rt 4t
Cy = —y
Taking the two ratios in Eq. (12.140) gives
Ci — 7 Ciz 2
Ct+1 ’ CtJrl .
The identity
r 4
B—n  (VB+yn)?
proves Eq. (12.141). For comparison, fixed-coefficient heavy ball initialized by 6_; = 6y has
characteristic polynomial (z +7)% at A = 3 and initial values piB(8) = 1 and piB(8) = —r(2 + ).
Hence
pP(B) = (—r) (1 +t(1+7)). (12.142)
The linear factor in Eq. (12.142) shows directly that the fixed-coefficient method is not the finite-
degree minimax method. O

The square root of k comes from uniform polynomial approximation over the spectral interval.
Proposition 12.9.4 shows that the minimax polynomial is also an algorithm: its three-term recurrence
becomes the time-varying heavy-ball update Eq. (12.139). The implementation does not compute
an eigendecomposition, although it does require the spectral bounds p and 5.

Nesterov acceleration generates a third polynomial sequence. On the quadratic objective,
Eq. (12.49) implies

P () = (1 - g) ((L+ ) = 3% (V) - (12.143)
with
A =1, pAE) =1- g (12.144)

Proposition 12.9.7 (Worst-case Nesterov residual on quadratics). Set 7 = 1/v/k and initialize
0_1 = 0g. The residual polynomials defined by Eq. (12.143) satisfy, for every t > 0,

oo = (14 75) (- 7). 12145

Proof. The claim is immediate for ¢t = 0. For ¢t > 1, put

:U—\/ll__);_ée[o,l].

Let U; denote the Chebyshev polynomial of the second kind, characterized by Uj(cos ¢) = sin((j +
1)¢)/ sin ¢ with the endpoint values defined by continuity. Substitution in Eq. (12.143), together
with v = (1 —7)/(1 4+ 7), gives

AN = (1= 7)2) (Tu(x) + 72Ui-1 (). (12.146)
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Indeed, after division by ((1 — 7)x)!, the recurrence becomes the Chebyshev recurrence, and
pYAG(N\) = (1 — 7)(1 4 7)22. The representation at = = 0 follows by continuity. For 2 € [-1, 1],

L@ <1 |Uei() <t

Therefore
|pi\IAG()\)| < (1 =72t (1 +7tx) < (1 — 7)1+ 711).

At A =p, one has ¢ =1, T3(1) = 1, and U;_1(1) = t. The upper bound is therefore attained. [

Equations (12.138) and (12.145) both give y/k iteration dependence, but they are different
finite-time statements. Chebyshev semi-iteration generates the minimax polynomial Eq. (12.133);
Nesterov acceleration generates Eq. (12.146). The Euclidean-error comparison in this subsection is
also distinct from the objective-gap potential guarantee in Theorem 12.4.1.

12.10 Take-home messages

e Backtracking line search avoids advance knowledge of the smoothness constant by testing the
finite-step decrease inequality needed in the proof. Under the PL inequality and with exact
objective values, the number of gradient evaluations needed to reach a prescribed objective gap
increases by at most the search multiplier p; the additional cost is objective evaluations at rejected
trial points.

e For smooth, strongly convex objectives, acceleration reduces the number of gradient evaluations
needed for a fixed relative objective-gap reduction from order x to order \/k. A matching first-
order lower bound makes the square-root dependence optimal. The stated one-step potential
proof uses the lower model supplied by strong convexity. The accelerated update can be derived
by combining the smooth upper step with that lower model and choosing the coupling coefficient
so that the squared-gradient terms cancel. The fixed momentum coefficient uses «. For smooth
convex objectives satisfying the PL inequality, restarting the smooth-convex accelerated method
also gives square-root condition-number dependence; a geometric search over epoch lengths
handles an unknown s when L* is available.

e Preconditioning changes coordinates. The relevant quadratic curvature is PY/2HPY2, and a
structured approximation trades geometric fidelity for near-linear computation and memory.

e Scalar online adaptation matches the best constant-stepsize regret bound in hindsight within a
factor 3/2. Diagonal AdaGrad is no worse at the level of the scalar and diagonal upper bounds
and can improve the scalar bound when gradient activity is concentrated in a small number of
coordinates.

e RMSProp replaces cumulative memory by exponential squared-gradient memory. Adam adds
an exponential average of the gradients and bias correction. Both updates remain dependent
on a base learning rate and memory parameters. Exponential forgetting prevents a general
AdaGrad-style guarantee. Counterexamples exist in online and stochastic convex optimization,
and a deterministic batch Adam variant can approach a nonoptimal limit cycle. Restricted
positive theory identifies nonuniform smoothness and favorable coordinate or block geometry as
possible benefits. On the scalar separable logistic example, exact gradient normalization improves
loss decay from ©(1/t) to ©(e~*). The conclusion applies to the scalar example; comparisons on
other objectives require separate analysis.
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e AdamW applies uniform weight decay outside the adaptive gradient scaling. An 5 penalty inside
the objective receives coordinatewise scaling from the adaptive matrix. The two formulas define
different updates.

e Universal deterministic methods can attain the rate associated with an unknown Hélder-smoothness
regime. In stochastic convex optimization, methods can match tuned SGD up to logarithmic
factors on bounded domains. The analogous guarantee over an unbounded domain is impossible
under the general bounded-noise oracle model. Every tuning-free claim must specify the retained
hints, oracle, domain, reference method, and performance measure.

Bibliographical notes

The sufficient-decrease line search goes back to classical work including Armijo [1966]. The
presentation here uses the quadratic upper-bound test that appears in proximal-gradient and
accelerated proximal-gradient methods. Beck and Teboulle [2009] analyze both ordinary and
accelerated backtracking and prove the O(1/t) and O(1/t?) convex objective-gap bounds used here.

Polyak’s heavy-ball method was introduced by Polyak [1964]. Its quadratic-optimal parame-
ters give accelerated asymptotic spectral convergence on strongly convex quadratics. Nesterov’s
accelerated method was introduced by Nesterov [1983]; Nesterov [2004] gives a systematic treat-
ment of its guarantees over the full smooth convex and smooth strongly convex classes, together
with the standard first-order lower bounds. The construction in Section 12.4 is an elementary
estimate-sequence argument: it combines a smooth upper step with accumulated strongly convex
lower models and determines the coupling coefficient from the desired potential contraction. The
smooth-convex construction in Section 12.9.1 expresses the estimate-sequence mechanism as a
time-varying Lyapunov inequality.

Restarting converts the smooth-convex accelerated rate into a linear rate under quadratic growth.
The implication from PL to quadratic growth, with the same constant, is proved by Karimi et al.
[2016]. O’Donoghue and Candes [2015] propose objective- and gradient-based adaptive restart rules
motivated by oscillation of the accelerated iterates. Fercoq and Qu [2019] give a provable adaptive
restart scheme under a local quadratic-growth condition; their test uses the norm of the gradient
mapping and adjusts the restart frequency from observed progress. Roulet and d’Aspremont [2020]
analyze scheduled and adaptive restarts under more general Holderian growth conditions. For convex
objectives, such growth conditions are related to the nonlinear gradient-dominance inequalities in
Lecture 11 and lead to exponent-dependent restart schedules and rates. The main text uses the
quadratic-growth case because it gives the clean convex-PL result in Eq. (12.60).

The distinction between quadratic and general objectives is essential for heavy ball. Lessard et
al. [2016] give a smooth, strongly convex nonquadratic example on which the quadratic-optimal
heavy-ball parameters produce a nonconvergent cycle. In dimension at least two, Goujaud et al.
[2023] prove a stronger fixed-parameter non-acceleration result: every fixed heavy-ball parameter
choice either has a nonaccelerated worst-case rate on strongly convex quadratics or fails to converge
on some smooth, strongly convex objective.

The polynomial construction in Section 12.9.3 is the classical Chebyshev semi-iterative method.
Barrett et al. [1994] present the three-term implementation for linear systems and discuss its
dependence on spectral bounds. Chebyshev semi-iteration is a nonstationary heavy-ball iteration:
its coefficients converge to the quadratic-optimal Polyak coefficients, but the time-varying coefficients
are what generate the finite-degree minimax polynomial. Nesterov acceleration generates a different
polynomial recurrence. All three methods exhibit square-root condition-number dependence in their
respective quadratic guarantees. The lower bound separating smooth PL objectives from strongly
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convex objectives is proved by Yue et al. [2023]: over the general smooth PL class, first-order
methods require order (3/u)log(1/¢€) oracle calls in the worst case.

The Kronecker-factored calculation in Eqs. (12.65) and (12.66) is the structural approximation
used by K-FAC. Zhang et al. [2019] prove global convergence for natural gradient and K-FAC under
Jacobian rank and stability conditions, including an overparameterized two-layer ReLLU setting.
Karakida and Osawa [2020] analyze deep networks in an infinite-width limit and show that several
approximate Fisher matrices have the same function-space dynamics as exact natural gradient under
the assumptions of their analysis. The two sets of results justify specific structured approximations in
restricted regimes; the results do not give a general finite-width conditioning theorem for multilayer
networks.

The adaptive subgradient framework and data-dependent regret guarantees for AdaGrad are
due to Duchi et al. [2011]. The diagonal theorem in Theorem 12.6.2 is a direct coordinatewise
specialization with a simple box constraint. Exercise 5 asks you to prove the specialization and
identify exactly which observed geometry enters.

RMSProp was introduced in Geoffrey Hinton’s 2012 neural-network course [Hinton, 2012]. Its
update has several implementation variants, including placement of € and optional correction of the
initial second-moment bias. Zou et al. [2019] give sufficient conditions for convergence of RMSProp
and Adam in nonconvex stochastic optimization. The conditions involve the base stepsizes and the
accumulated second-moment quantities. The result supplies a conditional convergence guarantee. A
tuning-free comparison with SGD requires a different theorem.

Adam was introduced by Kingma and Ba [2015]. The original convergence analysis was later
shown to contain a problem. Reddi et al. [2018] prove separate online and stochastic convex
nonconvergence results and propose AMSGrad. The complete-forgetting example in Example 12.7.2
is an elementary limiting case that isolates the online mechanism. Bock and Weif§ [2022] construct
trajectories of a deterministic bias-corrected batch Adam variant that approach a nonoptimal period-
two limit cycle on a scalar strongly convex quadratic. Their denominator uses \/v; + ¢, and the
result rules out global convergence without asserting failure from every initialization. Défossez et al.
[2022] give a convergence analysis for Adam and AdaGrad on smooth, possibly nonconvex objectives
with bounded gradients. Results aimed at explaining an advantage beyond basic convergence include
the nonuniform-smoothness comparison of Wang et al. [2024], the /o, and blockwise analysis of Xie
et al. [2025], and the block-heterogeneity analysis and experiments of Zhang et al. [2024b]. The
assumptions and conclusions of the three analyses differ, so none provides a universal ordering of
Adam and SGD.

The original motivation for Adam combines AdaGrad’s behavior on sparse gradients with
RMSProp’s responsiveness to nonstationary gradient scales; see Kingma and Ba [2015]. The
original paper also reports experiments on fs-regularized multiclass logistic regression and sparse
bag-of-words classification. In the logistic experiment, Adam and momentum SGD have similar
convergence and both improve on AdaGrad under the reported tuning. The scalar calculation in
Example 12.7.1 isolates the flattening mechanism without attributing every feature of Adam to that
example. For separable logistic regression, Soudry et al. [2018] prove 1/¢ loss decay and convergence
toward the Euclidean max-margin direction for gradient descent with an admissible constant stepsize.
Zhang et al. [2024a] prove that full-batch Adam with a class of diminishing learning rates instead
approaches an f,, max-margin direction. The latter result concerns implicit bias. Loss-decay rates
require a separate analysis. Axiotis and Sviridenko [2023] obtain linear logistic-loss convergence
with a variable gradient-descent stepsize, showing that the faster rate can also arise from gradient
descent. Recent nonuniform-smoothness results give sharper comparisons for normalized methods
and restricted Adam variants; see Vaswani et al. [2026].

Decoupled weight decay and AdamW are due to Loshchilov and Hutter [2019]. Zhuang et al.
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[2022] interpret AdamW through an approximate proximal update and study the scale-freeness
of the update. Convergence-rate results for AdamW are also available under explicit smoothness
and noise assumptions; see, for example, Li et al. [2025]. The main text retains only the algebraic
distinction between an adaptively scaled £y penalty and decoupled decay because the distinction is
needed to understand the update.

Momentum methods have also been used directly in neural-network training. Sutskever et al.
[2013] study classical and Nesterov-style momentum for deep and recurrent networks, while the
ResNet training recipe of He et al. [2016] uses momentum SGD. Loshchilov and Hutter [2017]
introduce cosine annealing with warm restarts. A modern large-language-model example is the
Llama 2 recipe of Touvron et al. [2023], which combines AdamW, learning-rate warmup, and
cosine decay. These references document successful uses of the methods; they do not extend the
smooth strongly convex acceleration theorem to neural networks or establish a universal ordering of
optimizers.

The universal accelerated method of Nesterov [2015] is given the target accuracy while the Holder
exponent and its constant remain unknown. Its complexity gives both endpoint rates in Eq. (12.113).
Khaled and Jin [2024] define a tuning-free counterpart of SGD by comparison with optimally tuned
SGD under loose parameter hints. They identify existing positive results on bounded domains
and prove the unbounded-domain impossibility summarized in Proposition 12.8.1. They also give
positive unbounded-domain results under stronger noise assumptions and treat a separate nonconvex
stationarity question. These results ask for simultaneous adaptation to smoothness, noise, and
distance scales, which is a stronger requirement than backtracking with exact objective evaluations.

Glossary

Acceptable curvature estimate
A number M > 0 for which the proposed point 87 (M) satisfies the finite-step acceptance test
used by a line search.

Acceleration
An improvement in worst-case iteration complexity obtained from state carried across iterations.
For B-smooth, u-strongly convex objectives, the gradient complexities are O(klog(1/e)) for
gradient descent and O(y/klog(1/¢)) for accelerated gradient descent. For S-smooth convex
objectives with no PL or strong-convexity assumption, the corresponding objective-gap bounds
are O(BR?/t) and O(BR?/t?), where R = ||6y — 0*||2.

Adam
An adaptive stochastic first-order method that keeps exponential averages m; and v; of the
gradients and squared gradients. The update Eq. (12.90) divides the bias-corrected first-moment
estimate m; coordinatewise by /7; + €.

AdamW and decoupled weight decay
An Adam update in which the parameter shrinkage is applied separately from the adaptively
scaled gradient: 6,41 = (1 — aX)f; — aDt_lgt.

Backtracking line search
A procedure that increases a trial curvature estimate, equivalently decreases the trial stepsize,
until an evaluated finite-step inequality holds. Accelerated backtracking also updates the coupling
coefficients that depend on the accepted curvature estimate.
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Chebyshev semi-iteration
A quadratic-optimization method whose time-varying two-step recurrence implements the degree-
t polynomial minimizing maxye, 5 [p:(A)| subject to p;(0) = 1.

Cosine learning-rate decay
A fixed-budget schedule that changes the global learning rate according to Eq. (12.111), from
amax at the start of the decay to ami, at its end.

Diagonal AdaGrad
An online first-order method whose coordinate-i denominator is the square root of the cumulative
squared gradients observed in that coordinate.

Exponential memory
A moving average in which an observation from s iterations ago receives a weight proportional
to a power such as f35.

First-order oracle
An interface that returns an objective value and gradient at a queried parameter. In the
lower-bound comparison in this lecture, each query may depend on all preceding queries and
oracle replies.

Heavy-ball method
The two-step update 6,11 = 0, — nVL(0;) + v(60; — 0;,—1), which evaluates the gradient at the
current iterate. Quadratic-optimal fixed coefficients need not converge on every smooth, strongly
convex objective.

Hindsight-tuned stepsize
A constant stepsize chosen after the complete gradient sequence is known to minimize a proved
upper bound such as Eq. (12.70). The comparison concerns the upper bound, not necessarily
the realized losses.

Nesterov accelerated gradient
The two-step method v = 0, + v(0; — 0:—1) and 0,41 = y — VL(y:)/5. For the strongly convex
theorem in this lecture, v = (v/k — 1)/(v/k + 1).

Online convex optimization and regret
At round t, the learner chooses x; before observing the convex loss ¢;. Its regret relative to a
fixed u is Regp(u) = 321, (be(ze) — Ci(u)).

Preconditioner
A positive-definite matrix P multiplying the gradient. On a quadratic with Hessian H, the
conditioning effect of P is determined by PY/2HP1/2.

Quadratic growth
For a nonempty minimizer set ©*, the inequality L(6)—L* > pdist(,0*)2/2, where dist(6, ©*) =
inf,cox ||0 — z||]2. The PL inequality implies quadratic growth with the same constant. In the
convex setting, this bound converts the distance-dependent accelerated rate into a gap-dependent
restart guarantee.

Restart
Reinitialization of an accelerated method’s memory after a fixed or data-dependent epoch while
retaining the current parameter. Restarting a smooth-convex accelerated method every ©(y/k)
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iterations gives linear convergence under convexity and the PL inequality; adaptive restart rules
search for this epoch length when x is unknown.

Scalar online adaptation
A stepsize rule based on the cumulative Euclidean gradient magnitude. The rule in Theorem 12.6.1
matches the best constant-stepsize bound in hindsight within a factor 3/2 without knowing the
horizon or future gradient magnitudes.

RMSProp
An adaptive stochastic first-order method that divides the current gradient coordinatewise by
the square root of an exponential average of recent squared gradients, as in Eq. (12.92).

Tuning-free guarantee
A theorem comparing an algorithm that lacks specified problem parameters with a benchmark
that is optimally tuned using those parameters. The omitted parameters, allowed hints, oracle,
and domain are part of the definition.

Universal convex method
A method that attains the rate associated with the unknown Hoélder parameters v and H, in
Eq. (12.112). The guarantee Eq. (12.113) includes the nonsmooth and smooth-convex endpoint
rates.

Warmup phase
An initial part of a learning-rate schedule during which the global learning rate increases from a
smaller value to its prescribed peak value.

12.11 Exercises

General instructions. Justify every answer, including yes/no answers, even when the question
does not explicitly ask for a justification.

Exercise profiles. Filled mountains show difficulty on a four-mountain scale: one is a direct
application, two uses a familiar method, three combines ideas, and four is a substantial challenge.
Filled cogs show technical load on a three-cog scale: one is light, two is sustained, and three is
dense. Filled hourglasses show estimated time: one is under 20 minutes, two is 20-45 minutes,
three is 45-90 minutes, and four is more than 90 minutes. Pale pictograms show the unused part of
each scale. The work row uses the canonical order 8" proof, B calculation, P construction, </*
computation, and Q interpretation; pale icons mark work types not used. @ marks the intended
learning outcome. Time estimates cover the non-optional parts. Ratings are not prerequisites or
grading weights. A superscript asterisk marks an exercise based on supplementary lecture material;
it is not a difficulty rating and does not make the exercise optional when assigned.

Unknown smoothness and acceleration

Exercise 1: Backtracking avoids conservative curvature scales.
© Quantify the work saved by testing a locally sufficient curvature scale.

Let
62, B> 0,
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and consider the trial point 61 (M) =6 — L'(8)/M for M > 0. The sufficient-decrease test is
+ 1 / 2
LOT(M)) < L(0) — 537 1L'(0)]%, (12.147)

(a) For 6 # 0, prove that Eq. (12.147) holds if and only if M > /3. State what happens when 6 = 0.
(b) Let 0 < a < b and define
~ 62/2, 6<0
Lgy= 1% /% 00
b9%/2, 6> 0.
Prove that L is differentiable and b-smooth. Starting from 6y < 0, show that the globally
certified step 1/b gives
a\t
6, = (1 - 7) b0,

b

whereas the trial curvature M = a passes Eq. (12.147) with L in place of L and reaches the
minimizer in one step. Deduce that the globally certified method requires

log(1/e)
— —log(1—a/b)
iterations to obtain |0;] < €[], for 0 < € < 1.

(c) Return to L(#) = B6%/2. Starting from an arbitrary My > 0, repeatedly replace M by 2M
until the test holds. Prove that the accepted value satisfies

Miee < maX{M07 25}

and that the number of rejected trials is at most

max {0, [logQ ]\i—‘ } .
0

HinTs For (a), expand (1 — 3/M)2. For (b), check pairs of points on the same side of zero and
pairs that straddle zero separately.

A: Exercise 2: Eliminating the auxiliary state and proving the accelerated rate.
b4

© Eliminate the auxiliary state and use the potential contraction to prove the accelerated linear rate.

(4

Let L : R? — R be B-smooth and p-strongly convex, let 8% be its minimizer, and define
I} 1 1—7
k== T=— =—.
M ) \/E? ’y 1 + T

Initialize vg = 6y and 0_1 = 6.
(a) Prove that the coupled update

O+ Ty
W= 1+7

1
vpp1 = (L= 7)o+ 7 <yt - MVL(yt)>

1
, Or1 =yt — BVL(yt),

and the two-step update
1
yr =0 + (0 — 01-1), Orr1 =y — BVL(yt)

generate the same sequences (6;) and ().
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(b) Suppose the coupled update satisfies

V(Orv) < (1 =7)'V(l0,v0),  V(0v) = L(6) — L* + Zllv = 0°[3.

Prove
1\!
L) —L*<2(1———= L(6y) — L*
) -1 <2(1- 72 ) (26 - 1)
and, for 0 < e < 2(L(6p) — L*), show that L(#;) — L* < € whenever

2 VRlog KO =L)

HiNTs For part (a), use induction with

_ «915 — (1 —7‘)91571
- .

(%7

For part (b), use strong convexity at 6y and 1 — 7 < e 7.

Exercise 3: Restarting acceleration under convex PL.

)4 © Convert the accelerated convex rate into square-root condition-number dependence and adapt the restart
Q length by geometric search.

9, ﬁt
& pa &

Let L : R? = R be B-smooth, convex, and u-PL, let x = B/, and suppose that its minimizer set
O is nonempty. You may use the quadratic-growth consequence of the PL inequality,

dist(z, ©*)? < Z(L(z) —L*). (12.148)

Here dist(z, ©*) = infgsco~« ||z — 0*||2. Suppose that an accelerated method started from any z
produces, after s > 1 iterations, an output A,(z) satisfying

* < 23 dist(z, ©*)? .

L(As(2)) — L* < 1) (12.149)
(a) Prove )
L(As(z)) = L* < m(fl(z) —L").

(b) Choose an integer epoch length s that makes the multiplicative factor at most 1/2. Starting
each epoch from the preceding epoch’s output, prove that r epochs give objective gap at most
27"(L(6p) — L*).

(c) Derive a total iteration bound of order

L —L*
VK log 7(90)

€

for reaching objective gap at most €. State which of the two inequalities used in part (a) comes
from smoothness and convexity and which comes from the PL inequality.
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(d) Suppose that x is unknown but L* is available. From a fixed point z, try epoch lengths

s =1,2,4,..., restarting every trial from z, until
1
L(As(2)) — L* < 5(L(,z) — L*).

Prove that the first successful trial has s < 2+/8x and that all trials together use fewer than
2s gradient evaluations. If the successful epoch length is then reused, with each later epoch
starting from the preceding epoch’s output, derive the total bound

O <\/E <1+logL(90)6_L*>>.

HinTs For part (b), require (s + 1)? > 8k.
Adaptive geometry
Exercise 4: A rotated quadratic defeats diagonal preconditioning.

© Distinguish coordinatewise rescaling from correction of rotated curvature.

Let k > 1 and

1 /1 -1 1 0 1
Q—ﬁ<1 1), H—Q(O H)QT, L(@):iaTHQ.

For a positive-definite preconditioner P, the transformed Hessian is P1/2H PY/2.
(a) Compute H and prove that its condition number is .

(b) Let Pyjag = diag(H)~!. Compute Pii/anH Péi/éé and prove that its condition number remains .

(c) Let Py = H~'. Compute the transformed Hessian and its condition number. Explain precisely
which geometric information is absent from Pyjqg.

HinTs The two diagonal entries of H are equal. Orthogonal similarity preserves eigenvalues.

Exercise 5: The diagonal AdaGrad bound.”

© Derive a regret bound whose coordinate scales are determined by the observed gradients.

Let X = H?Zl[ai, b;] with D; = b;—a; > 0. Onround ¢, let £, : X — R be convex and let g; € 0¢;(z4).

Define 12
¢
D4
G = (Z gi) ; Mhi =
~ Gy

)

when G; > 0. If Gy; = 0, leave coordinate i unchanged. Otherwise update it by
Tt41,0 = H[ai,bi] (fUt,z‘ - nt,igt,z‘)-

(a) For nonnegative ay,...,ar and Ay = 2221 as, prove

T
YR <2y/4r,

t=1

9

where a term with A; = 0 is defined to be zero.
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(b) Fix uw € X. Prove for each coordinate that
3
thz Ttg — U < DGT@

(c) Use convexity to prove the regret bound

T d 1/2
th xy) — L (u SZZDZ (thz> .
=1

State how the right side differs from a bound based only on one worst-case gradient norm.

| o

Hints For (a), use a;// A < 2(v/ Ay — /Ai—1). For (b), use nonexpansiveness of interval projection
and telescope with the nonincreasing stepsizes.

Changing gradient scales and weight decay
Exercise 6: Complete forgetting can give linear regret.
© Verify a convex failure mechanism caused by normalizing only with the current gradient magnitude.
Let & = [—1,1], choose C > 2 and « € (0, 2], and repeat the three linear losses
lypi1(z) = Cu,  Lapio(w) = lagys(2) = —z, Kk >0.
Consider the projected Adam special case with no momentum, complete second-moment forgetting,

and no stabilizer:

2 my
m¢ = g, Ut = Gt Li+1 = H[ 1,1] <$t - 04) ) Ty =1,

VUt
where g; = 0} (2¢).

(a) Prove that every three-round block begins at x3x11 = 1 and list the three iterates used to
evaluate its losses.

(b) Prove that the minimizer of the sum of the three losses over [—1, 1] is u = —1. Compute the
three-round regret against u and show that it equals 2C — 4 4+ a > 0.

(c) Conclude that the regret after 3K rounds grows linearly in K. Explain why the squared-gradient
statistic in this example is not a reliable curvature estimate.

HINTS The normalized update uses only sign(g;). Track the projection after each of the two
gradients equal to —1.

Exercise 7: Adaptive penalties and decoupled weight decay.

© Distinguish an adaptively preconditioned £, penalty from uniform weight decay.
Let D, be a positive diagonal matrix, let g; = VL(x;), and let o, A > 0.
(a) Apply the adaptive update ;41 = ; — aD; 'V F(z;) to
A2
F(z) = L(x) + 3 o]}
Show that
Tt41 = (I — Oé)\D;l)$t — aD;lgt.
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(b) AdamW instead uses
er1 = (1 —aXN)zy — oth_lgt

State the necessary and sufficient condition on D; under which the two shrinkage maps coincide
for every xy. Explain what is decoupled in the AdamW update.

HinTs Differentiate the quadratic penalty. Compare the two matrices multiplying .
Comparing adaptive and tuned guarantees

Exercise 8: Comparing adaptive methods with tuned methods.”
© Compare the guarantees proved in the lecture with the corresponding bounds obtained by tuning the

stepsizes in advance.

(a) Suppose Mipit < 8. Compare Theorem 12.2.3 and Eq. (12.9) with gradient descent using the
tuned stepsize 1/3. Show that the guaranteed contraction factor changes from 1 — /S to
1 — pu/(pB) and that the search uses at most

oo
Og Mlnlt

additional objective evaluations.

(b) Define
T 1/2 T 1/2
St = <Z\|9tH§> ) Si = (Z%&) :
t=1 t=1

Prove, for a,b > 0, that
2 2
. nb ., a
f _— = b = —.
%20{27; T } w Ty

Apply the identity to Eq. (12.70) and coordinatewise to prove

D*  nS% : D} S}
71]r>1%{+2}:DST, inf Z<2m ) ZDS

2 1N >0
n M 5--5Md i1

Use Theorems 12.6.1 and 12.6.2 to show that each adaptive upper bound is at most 3/2 times
its corresponding hindsight-tuned upper bound. Interpret a term with S; = 0 as an infimum
over 7; > 0.
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