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Reading guide. Motivated by exact fitting in large neural networks, these notes ask when
interpolation of noisy observations can coexist with consistent prediction. We first determine how
large the benign set can be by a point-correction argument. We then use minimum-norm linear
interpolation as a tractable proxy for gradient training and analyze one polynomial procedure:
Legendre polynomials represent the low-degree signal, and bounded Chebyshev polynomials provide
the additional interpolation directions. Both are functions of the same one-dimensional input.
The main text derives the approximation and estimation bound; Appendix 9.B verifies its matrix
assumptions. Finally, we compare positive and negative results for kernel interpolation and ask
what they justify about model size and training time. Appendix 9.C explains why the polynomial
guarantee in probability does not control expected risk and how clipping repairs this failure. The
prerequisites are least squares, orthogonal projections, elementary matrix algebra, and convergence
in probability. Appendix 9.A reviews the function-space terminology, and the exercises ask you to
supply the linear algebra used in the main proof.

9.1 The question raised by interpolation

Large neural networks trained by gradient methods commonly reach zero training error. In the
experiments of Zhang et al. [2017], the same networks could also fit arbitrarily randomized labels,
while training on the original labels gave useful test predictions. Thus the model and optimizer had
enough capacity to fit pure noise, yet exact fitting on the natural problem remained compatible
with prediction. This observation motivates the advice to use large models and train them to
interpolation. We ask when that advice describes a sound statistical procedure.

We begin with a one-dimensional regression analogue. Suppose that

When the training inputs are distinct, an interpolating rule satisfies fn(XZ) =Y; at every one of
them. It therefore reproduces each realized noise value there. Can the same rule still estimate f*
accurately at a new input?

Figure 1 shows both outcomes on one sample. The weighted minimum-norm rule follows the
smooth nonpolynomial regression function between the observations. Equal penalties on the Legendre
coefficients select a function that stays close to zero over most of the domain and makes narrow
excursions to the observed responses. Both rules use the same polynomial space and interpolate the
same data. The selection rule changes the population behavior. This comparison directs attention
from the size of the available model to the procedure that selects one interpolant. Later sections
establish asymptotic versions of both outcomes.! 2

We therefore study the following descriptive question:

For which fixed data-generating laws does a specified interpolating learning procedure
have vanishing population excess risk?
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(a) Weighted minimum norm (b) Equal Legendre penalties
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Figure 1: Both panels use the same n = 20 observations from X ~ Unif[—1,1] and Y = f*(X) +
N(0,0.282), where f*(z) = 0.55 + 0.55 sin(7z/2) — 0.15 cos(mz), and the same space of dimension
164. Both rules interpolate. The weighted norm distinguishes the first m = 4 features; equal
Legendre penalties minimize L?(u) norm.

To make the question precise, fix a nonempty measurable input space X, and let Ps be the class
of probability laws P on X x R satisfying Ep[Y?] < co. Let S, = ((X1,Y1),...,(X,,Y,)) be an
ii.d. sample from a fixed P € Py. Write u = Px and

fp(e) = E[Y | X = ].

For functions, || f||2 abbreviates || f||z2(,) for the current input law p. For an independent test pair
(X,Y) with law P and a fixed predictor f € L?(u), the squared-loss identity

E[(f(X) — Y)2] — E[(f5(X) = Y)2] = I = 5220 (9.1)

shows that learning the conditional mean is exactly the problem of making the L?(y) error small.
For a predictor selected from S, apply this identity conditional on S,. Its excess risk is then a
random variable determined by the training sample. Exercise 1 asks you to prove both claims.

Definition 9.1.1 (Interpolating procedure and the benign set). Let B = (B, )n>1 be a fixed learning
procedure, including any predetermined choices of model dimension, feature scaling, norm, and
optimization rule. In a sample S,,, call index ¢ nonconflicting if X; = X; implies Y; = Y; for every j.
For fixed n, call B,, interpolating if, for every sample,

B,(Sn)(X;) =Y for every nonconflicting index 1.
Call B interpolating if every B, is interpolating. For such a procedure, define
A(B) = {P € Pa: |Bu(Sn) — f5]122(py) > 0 as = oo} . (9.2)

For P € A(B), we say that the overfitting performed by B on P is benign.

Repeated copies with the same response are nonconflicting; only a group that assigns different
responses to the same input is omitted. The definition allows arbitrary input laws. Each optimization
procedure below is understood to impose constraints only at nonconflicting inputs.
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On noisy problems, owverfitting refers here to exact fitting of realized response noise. The
word benign refers to the vanishing population excess risk. Thus interpolation names the fitting
requirement, while benign overfitting names the combination. This is the standard term in the
recent literature.?

How strong is it to prove that A(B) is nonempty? By itself, this is a vacuous requirement.

Proposition 9.1.2 (Why nonemptiness alone is automatic). Every interpolating procedure B

satisfies A(B) # @.

Proof. Fix xy and yo, and let P assign probability one to (xg,yo). Every sample consists only of
copies of this pair. Interpolation forces By, (Sy)(zo) = yo, while f5(zo) = yo. Since the test input
equals ¢ almost surely, the population excess risk is zero for every n. O

The interpolation question is most informative when the responses contain nondegenerate noise,
meaning
o} = E[(Y — [5(X))] > 0.
If Y = f5(X) almost surely, every observed response is a target value, so exact fitting creates no
direct conflict with estimating the target. A poor selection rule can still fail between observations.
With response noise, interpolation additionally forces the procedure to fit random deviations from
the target. We therefore seek noisy members and nonmembers of benign sets.

9.2 Interpolation is compatible with L? approximation

Can interpolation preserve the accuracy of an estimator that already generalizes? The setup asks
for an interpolating procedure and vanishing population error, but these properties concern different
inputs: exact fitting concerns the observations, while integrated loss concerns a fresh input. Start
with a consistent kernel smoother, or any other consistent regression estimator, and modify its
values only at the observations.

Proposition 9.2.1 (Point-corrected smoother). Suppose that u({z}) =0 for every x € X, and that

fn s any estimator satisfying

7 P
I fo = fBllL2(u) — O asmn — oo.

For an arbitrary sample, let I,,(S,) contain one representative of every distinct nonconflicting input,
and define

Fa(@) = fal@)+ Y (Yi— fu(X0) o = Xi}. (9-3)

€10 (Shn)
Then the resulting procedure is interpolating, and
7 v P
||fn_f1§HL2(M = ||fn_f1§HL2(H) —0 as n — oo.

Proof. For every sample, substituting a nonconflicting input into Eq. (9.3) gives j?n(Xz) =Y;. Thus
the procedure is interpolating. The assumption on ; makes every finite set have measure zero. The
difference fn — fn is supported on the finite set {X71,..., X, }. Therefore its L?(x) norm is zero. In
particular, the triangle inequality gives

1 Fn = FEllz2qn) < = Follzgn + 1Fa = Fall 2
= ||fa = fPllL2()-

The reverse inequality holds because the two functions agree p-almost everywhere. O
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The added terms change only the observed point values.* The result proves that interpolation
and L? consistency can coexist. Its selection rule is an explicit point correction; gradient training
of a neural network uses a different rule. In Exercise 2, you are asked to show that averaging the
responses observed at each distinct input extends the construction to arbitrary input laws under
the interpolation convention in Definition 9.1.1.

Can the benign set equal the full problem class? Let C C Ps be a class on which one fixed
base procedure B is L?-consistent. Point correction produces one interpolating procedure B with
C C A(B) when the laws in C have no point masses; response averaging gives the same conclusion for
arbitrary input laws. In particular, a universally consistent base procedure yields an interpolating
procedure whose benign set is the full problem class on which universality holds. Standard universally
consistent regression procedures, with truncation for unbounded responses, provide such bases on
Euclidean input spaces.

Consequently, no negative theorem can show that every interpolating learning procedure fails
on some law in such a class. A negative result must restrict the learning procedure, its output
geometry, or the required mode of risk control.

9.3 A minimum-norm polynomial interpolator

Can a neural network trained by gradient descent to interpolation have a nontrivial benign set A(B)?
The predictor selected by gradient descent in a finite nonlinear network is difficult to characterize.
We therefore study the corresponding linear problem, where the selected interpolant can be described
exactly.

In the linear setting, the link with gradient descent is exact: gradient flow on the squared loss,
started at the origin, converges to the interpolating parameter vector of smallest Euclidean norm (we
prove this in the next lecture). Minimum-norm interpolation is therefore the natural linear analogue
of interpolation by gradient training. Formally, let ¢ : X — RP be some fixed function, collecting
the p > n basis functions to be used. A linear combination of the underlying basis functions takes
the form

folw) =0Tp(z)  (z€X).

The minimum norm interpolant is then f; where 6 solves the problem
min [|0]] subject to 6 € RP, fo(Xi) =Y, 1<i<n. (9.4)

Above, || - || is the 2-norm, because this is what is selected for by gradient descent. The problem has
a solution as long as the n X p matrix whose (7, j)th element is ¢;(X;) has rank n. For now, assume
this is the case. The solution is unique whenever at least one solution exists. Exercise 3 asks you to
prove uniqueness and derive the minimum-norm solution.

While the norm above is fixed to the 2-norm, by linearly combining the basis functions, one can
change what interpolant will be selected, while leaving the set of functions that can be represented
intact. To see how this works let G' be an invertible p X p matrix and consider replacing ¢ above

with ¢(@)(z) ;= G(x). Correspondingly, let fC(G) (z) := ¢ (@ (x). On the one hand,
F:={fg:0eR}={f9 . cecRr},
while for all 8 € R?,
folw) = 67G7'Gp(x) = (GTTO) V(@) = [T, (a).

Hence, the norm ||#|| becomes ||G~76|| when changing the basis functions from ¢ to (&),
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One can make this more explicit by introducing a norm on F based on choosing a set of basis
functions that span F. In particular, for any ¢ : X — RP such that F = {z + 0T¢(z) : § € RP},
for f € F, let

1£lly = mf 0] = F()=0"4().0 € R}

One can then show that || - ||, is indeed a norm on F (when F is viewed as a vector space over the
reals with the usual operations). Also, the optimization problem in Eq. (9.4) is equivalent to

min || f|,, subject to fezF, f(Xi)=Y, 1<i<n (9.5)

in the sense that if f* is a solution to this problem and 6* is a solution to Eq. (9.4) then f* = fy«.
Finally, with this notation it is clear that switching from ¢ to go(G) changes the optimization problem
so that the norm [ f||,, in Eq. (9.5) is replaced by || f{| ;). Exercise 4 asks you to verify these claims,
including the case of linearly dependent features.

9.3.1 Benign overfitting with polynomials

In the rest of this section we consider the case when an unknown regression function is to be
approximated by polynomials with the goal of demonstrating how one can achieve benign overfitting
for a reasonably large problem class. In particular, we will consider polynomial approximation
of smooth functions. For simplicity, we consider the case when X = [—1,1] and when pu = Px is
uniform on this domain. Retain the i.i.d. sampling setup above, write f* = f5 € L?(u1), and assume
that, for some o2 < 00,

Yi=f"(X:)+e, El|Xi=0  E[|X]<o% (9.6)

]

The conditional variance may depend on the input.

For g : R — R, recall that g is a polynomial of degree r (deg(g) = r) if for every z € R,
g(x) = >°I_,a;x’ with some coefficients (a;); with a, # 0. Set deg(0) = —oc so that the zero
polynomial is included below. Let F, denote the set of polynomials of degree below r: F,. = {g :
g is a polynomial and deg(g) < r}. Note that this is an r-dimensional subspace of RF (and by
restricting the functions to X of RY). Given f* € L?(u), define the best squared approximation
error of approximating f* with polynomials of degree below m to be

*\ e * |2
An(F7) = mf llg = F L2 - (9.7)
For s > 0, say that f* has polynomial approximation order s if, for some fixed L < oo,
An(f*) < L*m™2, m>1. (9.8)

Jackson approximation estimates imply this condition for the usual s-smooth classes. For example,
for integer s > 1, membership in the Sobolev space W*2([—1,1]) suffices: f* and its weak derivatives
through order s are square integrable. Lipschitz functions satisfy the condition with s = 1. Classical
regression bounds balance squared approximation error of order m™2° with estimation error of
order m/n, giving the squared L?(y) error rate n~2%/(2s+1) " Achieving this balance by polynomial
least squares also requires control of the sampled design matrix. Under uniform sampling, the
sufficient condition used below is m?logm = o(n); the balancing choice m = n'/(?st1) satisfies it
when s > 1/2. The exponent is minimax optimal over bounded s-smooth classes under standard
nondegenerate noise assumptions. No estimator achieves a faster rate uniformly over such a class.
The bibliographical notes give references for approximation, least-squares stability, and minimax
optimality separately.

Last revised: 2026-10-03 00:26 UTC-06:00



9-6 Lecture 9: Interpolation and benign overfitting

The challenge we consider is whether the same rate can be obtained by using minimum-norm
interpolants — even when the responses are noisy. This is a challenge because normal least-squares
fitting does not interpolate. Indeed, the best polynomial (as defined in Eq. (9.7)) approximator, given
any degree r, only depends on the f*, hence, this polynomial will not interpolate. Also, standard
least-squares fitting, would not interpolate. In fact it is considered a strength of least-squares fitting
that it “cleans” (or “smoothens”), separating signal (f*) from noise.

It also follows that to meet the challenge we need to make a deliberate choice of what coordinate
(basis) functions we use to parametrize the chosen subspace F,. First, as noted beforehand, p > n
is necessary for allowing for interpolation. Our strategy will be to split p = m + D into m < p
basis functions that will span F,,, — the goal of these is to capture the signal in the data —, and a
remaining set of extra D basis functions, whose purpose will be to fit to the noise. In particular,
we choose the basis and scaling of these two blocks so that the selected interpolant represents the
low-degree component in the first block and uses the second block for sample-specific residuals with
small population L? norm, essentially following the strategy used by the point-corrected smoother
of Proposition 9.2.1.

For the first block, let P; be the degree-j Legendre polynomial normalized by P;(1) = 1, and set

wj(l'): 2j+1Pj(.’E), ]ZO

The functions (¢;)j>0 form an orthonormal basis of L?(p). Appendix 9.A reviews L? spaces, inner
products, Hilbert spaces, and orthonormal bases. The significance of this choice is that for any
-1 —1 e e .. . .
B=(Bj);m=>1, |30, ﬂ/}j”%%m =2 ,6’]2 = ||B]/?. Minimizing the coefficient 2-norm is the
same as minimizing the L?(x) norm of the underlying function.
For the second block, define

xo(@) =1,  xj(2)=V2Tj(x) (j=1),  Tj(cosd) = cos(jb).

The functions x; are uniformly bounded by v/2 and orthonormal under the arcsine law v(dz) =
dx/(mv1 — x2). Since p < (7/2)v (in the sense that u(A) < (7/2)v(A) for any A C R Borel),

2

S| <52 (9.9)
J J

L2(p)

for every finite coefficient vector. Exercise 5 asks you to justify both this inequality and the
orthonormal norm identity. Thus the first block has exact population-norm accounting, while the
second has the upper bound needed to control the population cost of interpolation.

Combining the two blocks gives the feature map

T

dm.p(x) = (Yo(), ., Ym-1(2), D"V xm (@), ..., D"V X i1 () (9.10)

The factor D~1/2 is the central design choice. The D additional features can collectively fit an
arbitrary residual vector. On the sample event established below, the unscaled features can fit
a residual z with coefficient squared norm at most C||z||?/D. Without rescaling, increasing D
would therefore make it progressively cheaper in parameter norm to fit the entire response with the
additional block. Multiplication by D~1/2 multiplies this parameter cost by D. A fixed low-degree
component then has bounded cost in the first block and reduces the residual cost across all n
observations; the sample-specific remainder is fitted by the second block. Its population squared
norm remains at most C|z|%/D.
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Write a predictor in these coordinates as

m+D—1
fop(@) =) Bis@) + Y bpx(e),  6=(8,VDb).
j<m j=m
Then f54(z) = 0 ¢m.p(z) and
1611 = 11811* + Dllb||*. (9.11)

The factor D in this expression is therefore induced by the feature scaling. The empirical-loss
objective remains unregularized, and the procedure minimizes this parameter norm subject to exact
interpolation.

The combined features have successive polynomial degrees and nonzero leading coeflicients, so
they span all polynomials of degree less than m + D. At n distinct inputs their evaluation matrix
has row rank n, provided m + D > n. The procedure therefore interpolates arbitrary responses
almost surely. The remaining question is whether its population error vanishes.

9.3.2 Approximation, estimation, and interpolation cost

How accurately does this optimization procedure estimate f*? We use the low-degree component
to estimate a polynomial approximation and show that the extra component has small population
norm:

Theorem 9.3.1 (Benign overfitting for weighted polynomial interpolation). Under the uniform-
input model Eq. (9.6), there are universal constants ¢,C > 0 such that, if m+ D >n and D > 16m,
then for every § € (0,1), with probability at least

1 — Cn?/D — mexp(—cn/m?) — 6,
the weighted minimum-norm interpolator .]/c\ satisfies

o?m i Hf*”Qp(M)

C n
B S gy +0Y) (012

5

1F = 1By < @Mﬂw

n

There are a number of observations to be made about this result. First, to control the error
probability, it is not enough to choose § small and n large. One also needs to choose D to be large
relative to n?. Second, the dependence of the error bound on & may look unexpectedly weak. This
is the result of deliberately loose analysis: The present bound will be sufficient for our purposes
(see Corollary 9.3.3) and the analysis can be shorter this way. The third observation is that the
error bound in Eq. (9.12) has familiar and less familiar terms. In particular, the first two terms
are familiar from standard analysis of regression: the approximation and estimation errors need
to be balanced to get good outcomes. If we used m coefficients with standard linear least squares,
these are the terms one would expect to see. The next, third term, is a small shrinkage bias. The
last term is unusual: This is the price of fitting to the residual error (after the first m coefficients
are used to get the “signal”). To make this error small, D needs to be chosen large relative to n
(similarly to how D needs to be large to control the error probability). For a fixed n, to get the best
possible error bound, first one could choose a value of m to balance between the first two terms
(while also paying attention to the error probability term), after which the value of D is dictated
by the need to control the last term (and the error probability term). Increasing D supplies more
directions over which to distribute the interpolation correction. Surprisingly, increasing D has no
price attached to it — other than the increased computation and memory costs. This is because of
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the careful selection of the weighting of the Chebyshev polynomial basis functions: As D gets large,
these are appropriately downweighted and as such, the upper bound on the squared error of the
resulting residual component decreases as D increases. In effect, the procedure closely follows what
the point-correction mechanism is aimed to achieve: The function that is learnt with the last D
coefficients approximates the point-mass correction, while the function that is learnt with the first
m coeflicients approximates the function that would be learnt using just those basis functions.

Again, the intuitive explanation is that when solving for the minimum norm interpolant, the
price for the last D coefficients is much higher than for the first m. The result of this is essentially a
two-step fitting: First fit using the first m coefficients, then use the last D coefficients to approximate
the residual. Exercise 7 asks you to make this comparison precise and bound the difference between
the coefficient vectors. In general, the first stage is generalized least squares, with residual weight
(VV' 1)~ for the second block’s sample matrix V, defined next. It reduces to ordinary least squares
when VV'T is a scalar multiple of I,,.

Define

Uj =v;(X;) (0<j<m),  Vij=xm;(Xi) (0<j<D), H=D'VV

Let u = (Yo,...,¥m_1)" and v = (Xm, .-+, XmeD—_1)'. For matrices, || - || denotes the Euclidean
operator norm, and S < R means that R — S is positive semidefinite. In Appendix 9.B, it is shown
that for universal constants cgr, Cr, cpr, Cpr > 0, there is an event G determined by the inputs such
that

cal, = H =X Cgl,, UTU = (n/2)In while P(G) < Cpn?/D + mexp(—cpen/m?).
(9.13)
The second condition makes the low-degree coefficients estimable. To see the role of the first, fix
any vector z € R™ meant to model the “residual errors” after removing the “signal”. On G, the
coefficients b, = V' (VV )71z give Vb, = z, while

1,112 ™ 2 T T Ty—1 ™
”bszLQ(“) < EHsz = 52 (VV ) z <

< sepll (9.14)

The first inequality is due to Eq. (9.9), while the last is from VV " = DH = cyDI,. A residual
vector with squared length of order n can therefore be fitted at population cost of order n/D.
This is the interpolation mechanism. It uses a population-norm bound for the second block and a
well-conditioned sample Gram matrix.

Proof of Theorem 9.3.1. Let G be the input event supplied by Eq. (9.13). As noted above, Ap-

pendix 9.B proves Eq. (9.13). Let A := ||f— f*H%Q(M). Now, for any s > 0,

P(A > s) <P(A>s,G)+P(G°) =P(I{G}A > s) + P(G°),

where the last equality holds because {A > s} NG = {I{G}A > s}. Indeed, if G holds and A > s,
I{G} =1 and thus I{G}A > s also holds and if I[{G}A > s then I{G} = 1 must be true (since s is
nonnegative), hence G holds and also A > s holds. Now, choosing s = + E[I{G}A], from Markov’s
inequality we get
P (A > $E[{G}A]) <6+ P(G°).
If E[I{G}A] = 0, the same conclusion follows because I[{G}A = 0 almost surely. Hence, it suffices to
bound E[I{G}A] by C times the expression in parentheses in Eq. (9.12).
Define the two coeflicient vectors together by

~ A~

b)) = i 2y DIp|?: Y =UB+Vb).
(B,0) argﬂeR{rnl}geRD{HﬁH il B+ Vb}
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Let
_ T, _ : _px|2
gm = B, u = arg min [lg — f*||7z )

be the best degree-(m — 1) polynomial approximation of f* in L?(x), and put 7 = f* — g,,. Then
11220 = An(F) I8P = lgmlZag < lomlZag + 171220 = 1F 1220 (9:15)

Here, ||B.]> = | gm||%2(#) is due to the choice of the orthonormal basis u, and the last equality
is because the optimality of g, makes r orthogonal to g,. Exercise 5 asks you to prove this
orthogonality and the resulting Pythagorean identity.

Set h =b'v. Since

f=r=
from the triangle inequality, (a + b+ c¢)?
orthonormal in L?(u), we get

B-8 B)Tu+h—r
(a?

(
<3 +b+ec ) and because the components of u are

A= 1F = 72 <318 = Bl + 3llRl 720,y + 3Am(f)- (9.16)

(Since the feature groups are not orthogonal in L?(p), the triangle inequality is the best tool we
have.) R
It remains to bound E[I{G}||3 — B.|%] and ]E[]I{Q}HhH%Q(M)]. To bound these, the next step is to

calculate (3 ) /l;) in closed form. For this, we first separate the minimization over the two coefficient
blocks:

min{||8]]*> + D|b|> : Y = UB+ Vb, B €R™, beR"}
= min {min{||8||*> + D|b||*: Y = UB+ Vb, be RP}: B € R™}
= min {[||* + min{D[[b||*: Y =UB+ Vb, be RP}: B R™}.

For fixed , the minimum-FEuclidean-norm solution of Vb =Y — UpB on G is
by =VTI(VVHTH(Y - Up). (9.17)

By algebra, we get D||bg||> = (Y —UB)"H™ (Y — Up). Plugging this value into the outer problem
reduces it to minimizing ||3]|?+ (Y —UB) T H~Y(Y —Up). Setting the derivative of this with respect
to B to zero and solving gives

B=In+U H U)W HY. (9.18)

Exercise 3 asks you to supply the linear algebra and differentiation steps in this elimination.
Write ry = (r(X;))% ;. Then, from f* = gy + f* — gm = B u+ 7 and Y; = f*(X;) + &; we get

Y=Up,+rx+e. (9.19)

On G, define
A=U"H'U, T=,+A) U H!,

and set A =0 and 7" = 0 on G° when taking expectations below. On G, Eq. (9.18) becomes B =TY,
which combined with Eq. (9.19) gives

B—Be=—(Im+A) " B+ Trx + Te, (9.20)
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thus,

18 = Bell® < 31l (L + A) TP 1Bl + | Trx|* + | Te]?)
<3 + AN W2 + ITrx ] + 1Tl

where the last inequality used that by Eq. (9.15), ||8:]|? < || f* HLQ(M

Since we need to bound E[]I{Q}HE — B4|I?], we turn to bounding the expectation of the three
terms multiplied by the indicator of G.

We have | Trx||? =T "Trx < ||TTT| |rx||?>. Thus, if Br is a deterministic upper bound on
IT7T| on G,

E{G}H Trx|’] < BrE[|rx|*) = BrnE[*(X1)] = Brn|lrll72(,) = Brn Am(f*).

Next, defining X1., = (X1,...,X,), we calculate ||Te||?> = e"T"Te = tr(T"Tee'). Thus,
E[|Te||? | X1.n) = tr(TTTE[ee" | X1.4]) < 0?2 t2(T'T1I,) = o2 tr(T'T), where the i.i.d. sampling
assumption and Eq. (9.6) give E[e | X1.,] = 0 and E[ee " | X1.,,] < 01,,. Thus,

E[I{G}(|Te|?] = E [EI{G} | Te|* | X1:n] | < o* E[I{G} tx(TT")].

Thus, it remains to bound 77" and ||(1,, + A)~!|| on G. On G, the two sides of the bound on
H in Eq. (9.13) give
H'»=Cy',, H?=<c/H.

Together with U'TU > (n/2)I,,, the first inequality yields

A=UTH W = C'U U = ——1,,

~ 20y
Hence
i+ 407 i < (9.21)
TTT < ¢ (I + A) T ALy + A) 7! L 2y |
cun
From the last inequality and ||TTT|| = |TT "||, we see that we can choose Br = icﬁ , and we also

have tr(TT ") < 2§TH$ Exercises 9 and 10 ask you to justify these matrix-order, norm, and trace
steps, including the conditional noise calculation. Putting things together, we get

2

* |2
E[I{G}|B - B.|* < C (Hfﬂ;(“) + A (1) + Unm> (9.22)

for some universal constant C' > 0. R
We now turn to bounding [|h2,, = [b7v[|2,,, in Eq. (9.16). By Eq. (9.9), [b7v|2,,, < 5Ib]1%,

s0 it remains to bound |[b]|2. For this, set
K=UU"+H, a=KY.

Exercise 8 asks you to derive the following identities from the optimality equations and to verify
them directly from Eqs. (9.17) and (9.18) using the push-through identity:

B=UTa, b=DWTa.
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Thus VV' = DH and cyl, < H < K give
Ib]|? = Loma<yik1y < LHYH? (9.23)
D =D ~ cuyD ' ‘

Since E[|| Y]] = nE[Y?] < ”(Hf*”%%u) + 0?), it follows that

™
<

E[I{GHIAIIZ2)] < 5.5

(F* 3 + ).

Combining this bound with Eqs. (9.16) and (9.22) gives the required bound on E[I{G}A]. The
initial Markov argument and the bound on P(G¢) then prove the theorem, after increasing C' to
cover both the risk bound and Cp,, and taking ¢ = cp,. L]

Why use Chebyshev polynomials in the second block? The proof uses their population-
norm bound Eq. (9.9) and the bounds on H in Eq. (9.13). Legendre polynomials would also give the
population-norm bound, with equality. The advantage of Chebyshev polynomials is in controlling
H uniformly in the block size D. Their boundedness and cosine representation imply that

1 m+D—1
Hi =4 > x(x)?
j=m

is bounded above and away from zero by universal constants when D > 16m. Their orthonormality
under v, together with p < (m/2)v, also bounds the off-diagonal second moments: E[HZ] < 72/(4D)
for i # ¢. In Appendix 9.B, these facts give both spectral bounds on H, except on an event
of probability at most Cprn2 /D. The upper bound on H controls the estimation error through
A =UTH™U; the lower bound controls the coefficient cost of fitting the residual in Eq. (9.23).
For comparison, using the normalized Legendre polynomials in the second block would give, at

=1,
m+D—1 m+D—1

=Y =5 Y @it )=2m4D.
j=m

j=m
Thus the uniform diagonal upper bound used in this argument would fail. Chebyshev polynomi-

als supply that bound while retaining the population-norm control needed for the interpolation
component.

9.3.3 Consistency and rates

Does the construction give a genuinely nontrivial benign set? It does not need smoothness for
consistency.

Corollary 9.3.2 (A noisy benign class). Let BP°Y use the feature map in Eq. (9.10) with
mp = max{1, [n*/*]}, D, =n3,

and select the minimum-EBuclidean-norm interpolant. Every law satisfying Eq. (9.6) with f* € L?(u)
belongs to A(BP°Y).

Proof. Polynomials are dense in L%(p), so Ap, (f*) — 0. Fix n > 0 and apply Theorem 9.3.1
with § = /2. Every term on the right-hand side of Eq. (9.12) tends to zero, and the remaining

exceptional-event probability tends to zero. Hence || BV (S,) — fH13 () 5 0asn— oo O
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Exercise 11 asks you to extend this consistency statement to conditional mean-zero noise with
only E[?] < co. The uniform conditional variance bound is sufficient for the explicit o>m/n term;
the exercise asks you to replace that term by a bound depending on the tail of the conditional
variance.

What rate is available when the target has additional structure? The target enters the bound
through A,,(f*), while m/n is the cost of estimating the first m coefficients from noisy observations.
Recall the polynomial approximation condition Eq. (9.8) and the smoothness examples given there.
The approximation condition is what our proof uses; it imposes no membership in a fixed RKHS.

Corollary 9.3.3 (s-smooth targets). Fiz s > 1/2 and choose
My = max{1, [n*/ 2+ |}, D, =n?.
For every fized target satisfying Eq. (9.8) and noise law satisfying Eq. (9.6),
1Fn = £ 20 = Op(n72/@5H)) — 0 asn — oc. (9.24)

Thus these noisy problems belong to A(Bs) for one predetermined procedure Bs. For Lipschitz targets
the rate is Op(n=2/3).

Proof. The choices balance A,,, (f*) = O(m; %) with m,,/n at order n=2%/(5*1) The shrinkage
and interpolation terms are O(n~2). Also D,, > 16m,, eventually, n/m?2 =< n(2s=D/Zs+1) grows
polynomially, and n?/D,, = n~!'. For any fixed error probability, choose § smaller than that
probability. The other exceptional-event terms tend to zero, giving the asserted bound in probability.

O]

Choosing m,, this way presumes the approximation class. For each chosen s, the method is fixed
before seeing the target or sample. The exponent 2s/(2s + 1) is the classical optimal exponent for
one-dimensional noisy regression on bounded s-smooth classes. Here it is attained in probability.

The restriction s > 1/2 ensures m2 logm,, = o(n), which our Legendre-design concentration
bound requires. This is a restriction of the theorem, not an impossibility result for rougher targets.’
The proof uses the sufficient schedule D,, = n3. The important separation is that m,, balances
approximation and estimation, whereas the much larger D, makes interpolation inexpensive in
population loss.

Does convergence in probability also give convergence of expected risk? For the unmodified
polynomial interpolator, the expected risk is infinite at each n > 2; Appendix 9.C proves this
separate statement. If a bound |f*| < M is known, clipping predictions to [—M, M| gives the same
rate in expected risk. Clipping preserves interpolation when |Y| < M; otherwise it may change the
fitted values at noisy training responses.

9.3.4 The same polynomial space with another norm

Does the same polynomial space work with any norm? To test the role of the norm, keep the
input law, target, noise, and polynomial space unchanged. Express the entire polynomial in the
orthonormal Legendre basis and give all coefficients equal penalty. This selects the interpolating
polynomial of smallest L?(u) norm.

Proposition 9.3.4 (eq@l Legendre coefficient penalties can discard the signal). Use my,, Dy, from
Corollary 9.3.3, and let fu minimize | f|| 12, among interpolating polynomials of degree less than
my, + Dy,. For every fized f* € L*(iu) under Eq. (9.6),

||f§q‘|%2(#) = Op(n/Dyp) —0  asn — oo.
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Consequently,
i~ P
1Fea = 12a B 12 asn— oo,

Thus every fized nonzero target defines a problem outside the benign set of this equal-penalty procedure.
Proof. On the event H > cl,,, the polynomial ho(z) = v(z) VT (VVT)"Y interpolates. By
minimality and Eq. (9.9),

~ _ C
415 < Mlholl3 < 5 YT (VDY < SY %

il
2
Since ||Y||? = Op(n) and this event has probability tending to one, the first claim follows. Expand
the squared distance and apply Cauchy—Schwarz to obtain the second. 0

Minimizing the equal-coefficient norm therefore selects interpolants whose L?(;) norm tends
to zero, even when the target is nonzero. The positive rule instead makes the low-degree signal
inexpensive relative to fitting all responses with the additional features. Both rules interpolate, and
their population limits differ. We next ask whether commonly used kernel norms provide the needed
bias.

9.4 What does “minimum norm?” mean?

Does the polynomial example identify what a kernel’s minimum norm favors? The same coefficient
calculation extends to a reproducing kernel Hilbert space (RKHS): a Hilbert space of functions
whose point evaluations are continuous and satisfy f(x) = (f, k(x,-))n,. Suppose the kernel has a
pointwise expansion in functions orthonormal under the test-input law,

k(z,2') =Y Mj(a)p(a)), A >0. (9.25)
j=0

For f = Zj a;1; in this RKHS, the corresponding norm is

a2
113 =D 5 (9.26)

>0 "J

Thus a minimum-norm claim is incomplete until the feature map and its scaling, or equivalently the
kernel, have been specified. The weighted polynomial rule uses the finite kernel

b (@) = S U@+ 5 Y @), (927

j<m m<j<m+D

Its RKHS norm is exactly ||3|> + D||b||?>. Because the combined Legendre-Chebyshev basis is
not orthogonal under u, these coefficient weights are not the reciprocals of its integral-operator
eigenvalues. They would be for an orthonormal basis, as in Eq. (9.26). The larger penalty makes
each additional coefficient expensive, while the number of features makes collective interpolation
inexpensive in population norm. Exercise 6 asks you to verify the orthonormal case.

For a fixed RKHS Hj, the standard ridgeless estimator is

i € arg }rn%l Il fll2, subject to f(X;)=1Y; for every nonconflicting index i. (9.28)
Exk
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9-14 Lecture 9: Interpolation and benign overfitting

Under the point-mass-free laws studied below, all indices are nonconflicting almost surely, and these
are the usual n interpolation constraints. When the kernel matrix K = (k(X;, X;));';; is invertible,
the representer theorem gives R

fe(x) = k(z,X)TK1Y. (9.29)

This is also the zero-ridge limit of kernel ridge regression and, under the corresponding linearized
dynamics, the endpoint selected by gradient flow. These facts make Eq. (9.28) a standard proposal.
The next two results ask when its selected interpolant is consistent.

9.4.1 A fixed-problem failure for the Laplace kernel

Does a conventional fixed kernel already have the needed norm, perhaps after tuning its bandwidth?
The following fixed noisy problem gives a negative answer for the Laplace family.
Let i be uniform on the unit ball in R?, let

Y =1+c¢, Ple=1)=Ple=-1)=1,
with e independent of X, and use the Laplace kernels

ko(z,2') = & exp(—c||z — 2'||), c>0.
For each c, let ﬁuc be the minimum-RKHS-norm interpolant.

Theorem 9.4.1 (Laplace minimum-norm interpolation is inconsistent). There are constants a,C > 0
such that, for all sufficiently large n,

. ~ C
P (inf 1o~ gy 2 a) 2 1= (9.30)

vn
The statement holds simultaneously for every bandwidth c, so ¢ may be selected from the data.

The result places one fixed, elementary noisy problem outside the benign set of every Laplace-
bandwidth selection rule. It is stronger for our purpose than a minimax statement whose difficult
distribution may change with n. Its interest comes from the procedure: minimum RKHS norm is
not an intentionally poor interpolation rule.

The proof has two regimes. When c¢ is not too large, fitting noise at nearby sample points forces
enough variation to create nonvanishing integrated error. When c is large, the minimum-norm
interpolant is concentrated near the observations and has too little L? mass to approximate the
nonzero regression function. Every bandwidth falls into one of these regimes in fixed dimension.
The theorem concerns this kernel family and this fixed-dimensional setting.

9.4.2 A published positive counterpart

Can a different kernel reproduce the separation that worked for the series estimator? A positive
theorem uses a norm designed for exactly that purpose. Let k be a continuous universal kernel on a
compact domain X C R%: its RKHS is dense in the continuous functions in the uniform norm. Let

ky(z,2") = exp(—||z — 2'|| /) be a narrow Laplace kernel. Define the sample-size-dependent kernel
kn =k + pnk, . (9.31)

Theorem 9.4.2 (Spiky-smooth minimum-norm interpolation). Suppose Px (B;(z)) < Cxt’X for all
r € X and 0 <t <1, for constants Cx,Bx > 0, and E[Y?] < co. There are deterministic positive
sequences pp, and v, — 0 as n — oo such that the minimum-Hy,, -norm interpolant is consistent for
P in the sense of Eq. (9.2).
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The conclusion applies in fixed dimension. The deterministic tuning sequences are part of the
procedure covered by the theorem. The mechanism follows from the Gram matrix of the narrow
component:

iy, (X, X) & 1.

Write K = (k(X;, X j))ij- The smooth part of the interpolant then approximates
k(z, X)T(K + pul,) 'Y,

while the narrow part corrects the remaining training residuals. The displayed predictor is kernel
ridge regression with penalty A\, = p,/n when empirical squared loss is divided by n. Controlling
the approximation and the population cost of the corrections completes the consistency argument.
A nearly diagonal Gram matrix controls the sample-fitting part. This is the RKHS version of the
point-corrected smoother and the weighted series rule. The two kernel theorems concern different
procedures: Theorem 9.4.2 uses a changing sum of a smooth kernel and a separate increasingly
narrow kernel, whereas Theorem 9.4.1 uses a single Laplace kernel with an adaptively chosen
bandwidth.

9.5 What the results establish

What do these successes and failures establish about the original question, and what advice do they
justify? Interpolation is compatible with consistent regression when the selected solution contains
two effective components:

1. a component whose bias and estimation error for the regression function vanish; and

2. enough localized or low-population-cost directions to fit the remaining noisy responses.

The phrase “minimum norm” becomes informative once the norm is specified. Feature scaling
supplies the required geometry in the series example; the spiky-smooth kernel builds it; Rakhlin—Zhai
rule it out for an ordinary Laplace RKHS in fixed dimension.

The minimum-norm analysis is descriptive science for a tractable proxy. It shows exactly how
one gradient-selected linear interpolant can succeed or fail. A claim about a finite nonlinear neural
network additionally requires a description of the features learned during training.

Advice to enlarge a model or train beyond exact fit requires comparisons with smaller, regularized,
or early-stopped procedures on the same problem. Feature learning requires a finite-network analysis;
a neural tangent kernel describes a fixed limiting feature map.

9.6 Take-home messages

What should remain from the calculations when judging an interpolation claim?

e Nonemptiness of A(B) is too weak: every interpolating procedure succeeds on a deterministic
one-point law. Seek nontrivial noisy members and nonmembers.

e A universally consistent regression procedure can be modified into an interpolating one with the
same consistency class. Universal negative claims therefore require restrictions on the learning
procedure or risk criterion.

e Exact fitting and small population squared error are compatible. The weighted polynomial rule
shows how minimum-norm optimization can realize this compatibility in one fixed-feature model.

e The norm is part of the algorithm. In a series or RKHS, its coordinate weights determine whether
the selected interpolant recovers the signal and where it places the fitted noise.
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9-16 Lecture 9: Interpolation and benign overfitting

e Minimum norm can succeed or fail. Ordinary Laplace-kernel interpolation fails on a fixed smooth
noisy problem; a deliberately structured spiky-smooth kernel is consistent.

e The weighted polynomial rule retains the classical n~25/(2s+1) rate despite interpolation. Its raw
guarantee is in probability; clipping yields expected-risk control when a valid target range is

known.
e Advice to increase model size or training time requires comparison with regularized, smaller, and

early-stopped procedures on the same problem.
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Endnotes

1. Dimension in the illustration. The sample size is n = 20, the signal block has size m = 4, and the
interpolation block has size D = 8n = 160. A generic feature space of total dimension at least
n can already permit exact interpolation. The positive bound later contains an n/D term
and additional conditioning requirements, so a larger interpolation block makes its population
cost smaller. The displayed value makes the finite-sample contrast clear and is an illustrative
choice. Smaller values of D also interpolate this sample, with a less pronounced separation.

The asymptotic corollary uses the sufficient schedule D,, = n3.

2. Scope of the illustration. A neural-network curve would specify one architecture, parameterization,
optimizer, initialization, and stopping rule; a Laplace-kernel curve would specify one bandwidth.
A single curve would not represent either family. The polynomial rules in the figure make the
two selection procedures exact, and the main text analyzes their population behavior.

3. Classification and regression. The random-label experiments of Zhang et al. [2017] brought the
same question into the study of deep networks. Let () be the clean conditional probability
of class k. If a training label is replaced by a uniformly random class with probability p,
then 7 (z) = (1 — p)ne(z) + p/K. For p < 1, the most likely class is unchanged and every
probability gap is multiplied by 1 —p. An interpolating classifier fits the observed classes while
the clean zero-one target remains the Bayes class. In squared-loss regression, the interpolator
fits noisy responses while the population target remains the conditional mean. Zero-one loss
asks for the conditional mode; squared loss asks for the conditional mean.

4. Point corrections. The functions I{z = X;} are point indicators, sometimes informally called
“spikes.” They are not Dirac measures.

5. A bounded orthonormal polynomial example. If the fixed input law is the arcsine law and both
feature groups use Y, then the proof gives P(G¢) < Cn?/D + mexp(—cn/m). The same rate
follows for every s > 0 satisfying the corresponding L?(v) approximation condition. This
changes the input law; it does not remove the restriction in the uniform-input theorem.

Bibliographical notes

Which claims are classical, which are specific to the recent interpolation literature, and which
calculations were supplied for this lecture?

The motivating experiments are due to Zhang et al. [2017], first circulated in 2016. In their
experiment, each training label is independently replaced by a uniformly random class with a
chosen probability, while evaluation uses the original test labels. Complete corruption demonstrates
memorization capacity. Partial corruption supplies known label noise, and the trained networks fit
that noise while retaining useful clean-label prediction. Symmetric corruption preserves the Bayes
class below complete corruption and shrinks every class probability gap. The gradual change in test
error is therefore compatible with the population problem. The observation relevant here is the
simultaneous exact fit of injected noise and use of the remaining signal. The paper catalyzed the
modern generalization discussion that led to benign overfitting.

Earlier classification results had already connected interpolation with good prediction. Schapire
et al. [1998] observed that boosting test error often continued to decrease after training classification
error reached zero and explained the behavior through margins. Wyner et al. [2017], first circulated
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in 2015, described AdaBoost and random forests as interpolating classifiers and proposed a spiked-
smooth mechanism. The present lecture asks the corresponding consistency question for noisy
regression. Belkin [2021] gives a broad account of interpolation-centered phenomena and their
relation to older statistical ideas.

The point-correction argument in Proposition 9.2.1 is elementary. Combined with a universally
consistent base estimator, it gives an interpolating procedure whose benign set is the base estimator’s
full consistency class; response averaging handles point masses under our interpolation convention.
Classical constructions of universally consistent regression estimates are treated by Gyorfi et al.
[2002]. More substantive interpolating nonparametric procedures appear in Belkin et al. [2019],
who construct singular-kernel estimators that interpolate and attain standard nonparametric rates.
Their construction is a positive existence result for a deliberately constructed estimator. Ordinary
neural-network training selects predictors through a different procedure.

For the polynomial approximation statements, DeVore and Lorentz [1993] treat Jackson estimates
in uniform and LP norms. For integer s > 1, the L? estimate gives approximation error of order
m~* for functions in W*2([—1,1]), hence squared error of order m~2%; the uniform Jackson estimate
gives the Lipschitz example. For regression, Cohen et al. [2013] analyze least-squares stability and
accuracy under random sampling. In their uniform-input Legendre example, the sum of squared
basis functions has supremum m?, which explains the quadratic sample-size condition used here.
Gyorfi et al. [2002, Chapters 11 and 18] treat least-squares rates and orthogonal-series estimation.
The minimax benchmark concerns the worst case over a bounded smoothness class, with a regular
design law and nondegenerate noise; Stone [1982] establishes the exponent 2s/(2s + 1) for squared
L? error in one dimension. These claims distinguish approximation, statistical estimation, and
stability of a particular fitting method.

Theorem 9.3.1 and Proposition 9.3.4 are direct calculations for these notes. No novelty claim
is made for them. The argument uses the polynomial estimates recorded in Lemma 9.B.1, matrix
Chernoff concentration in the form developed by Tropp [2012], and Jackson’s approximation theorem.
Related published minimum-Hilbert-norm results are given by McRae et al. [2022]. Their structured-
feature framework includes bounded orthonormal systems such as Fourier and Chebyshev features
and provides nonasymptotic conditions under which minimum-Hilbert-norm interpolation has small
regression risk. This is a published positive result closest to the series viewpoint; its assumptions and
bounds differ from Theorem 9.3.1. The exponent in Corollary 9.3.3 is the classical nonparametric
exponent; Stone [1982] establishes optimal global rates on smooth regression classes. Choosing my,
using s is not adaptation to unknown smoothness.

Proposition 9.C.1 gives a direct close-pair argument in a general function class with norm-
controlled variation. It is not claimed as a new result. Truncation of least-squares estimates and
the distinction between convergence in probability and expected risk are classical topics; Gyorfi et
al. [2002, Chapters 10-11 and 18] is a reference for truncated least squares and orthogonal-series
estimation. No specific exercise in that book is needed for the argument here.

For high-dimensional linear regression, Bartlett et al. [2020] used the term benign overfitting and
characterized spectral conditions under which the minimum-Euclidean-norm interpolator has small
excess risk despite response noise. This gave the phrase a precise technical meaning within a specific
noisy-regression model. It is another genuine positive minimum-norm result, but its random-design
assumptions and covariance spectrum are not automatically satisfied by a fixed polynomial feature
map. Liang and Rakhlin [2020] and Liang et al. [2020] give positive risk bounds for minimum-
norm kernel interpolation in high-dimensional regimes; these regimes change input dimension with
sample size and therefore answer a different asymptotic question from fixed-dimensional polynomial
regression.

The fixed-problem negative result in Theorem 9.4.1 specializes Rakhlin and Zhai [2019, Theorem
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1]. Their theorem allows fixed odd dimension, an input density on the unit ball bounded above and
below, a fixed nonzero smooth regression function, and independent uniform-sign noise. The constant
target used here has a smooth compactly supported extension, as required by their proof. Buchholz
[2022] extends fixed-dimensional inconsistency to additional Sobolev kernels, and Beaglehole et
al. [2023] studies translation-invariant kernels in a fixed-design formulation. Haas et al. [2023]
prove both broader fixed-dimensional obstructions for smooth estimators and positive spiky-smooth
results. Theorem 9.4.2 records the existence conclusion of their Theorem 8 for a Laplace correction,
without reproducing a tuning schedule. When translating a schedule, distinguish an additive
Gram-matrix shift p, from the normalized empirical-loss penalty p,/n. They also translate their
kernel construction into special neural-network kernels and activation functions. This supplies a
neural connection, but the mechanism is still an explicitly designed signal-plus-spike geometry.
Kohler and Krzyzak [2021] study estimators that nearly minimize empirical squared loss. For
every sufficiently large n, their lower bound supplies a law in a smooth-regression class on which
the expected L? error is bounded below by a constant. The law has a finite input support and may
change with n. Consequently, the result rules out a uniform risk guarantee over that class; it does
not exhibit one fixed law P on which the estimator is inconsistent, and therefore does not show
that P ¢ A(B) for any fixed P. In contrast, Theorem 9.4.1 gives a fixed-P inconsistency statement
for Laplace minimum-norm interpolation. The older large-margin and scale-sensitive perspective is
developed systematically by Anthony and Bartlett [1999]; it already separates nominal parameter
count from the effective complexity of the selected predictor. In this perspective, a worst-class bound
can be vacuous while remaining silent about the selected predictor. Margin bounds, norm control,
compression, and regularization theory already made selection central. Recent interpolation work
made zero training error empirically unavoidable and sharpened analyses of the selected interpolant.

Glossary

Which terms distinguish the procedure, the fitting requirement, and the risk guarantee?

Benign set A(B)
The fixed problem laws on which the specified interpolating procedure B has population excess
risk converging to zero in the stated mode.

Benign overfitting
Exact fitting of the observed responses together with vanishing population excess risk, including
when the responses contain nondegenerate noise.

Interpolation
Exact satisfaction of the empirical fitting constraints; here f(X;) =Y; at every nonconflicting
training input.

Minimum-norm interpolant
The feasible interpolating predictor having smallest norm in a specified feature or function space.
The norm and representation are part of the procedure.

Non-atomic input law
An input law with no atom: no measurable set A of positive probability has the property that
every measurable subset of A has probability either zero or Px(A). For Borel laws on Euclidean
spaces, this is equivalent to Px({z}) = 0 for every z. An i.i.d. sample from such a law has
distinct inputs almost surely.
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Ridgeless kernel regression
Minimum-RKHS-norm interpolation, equivalently the zero-regularization limit of kernel ridge
regression when the kernel matrix is invertible.

Spiky-smooth kernel
A kernel formed from a smooth component for learning the regression function and a sharply
localized component for satisfying interpolation constraints.

9.7 Exercises

Can you derive the squared-loss identity and then use the test measure and the chosen norm to
predict when interpolation preserves a signal? The exercises also ask you to justify the projection,
optimization, and matrix calculations in the main proof, and to extend consistency to finite average
noise variance.

General instructions. Justify every answer, including yes/no answers, even when the question
does not explicitly ask for a justification.

Exercise profiles. Filled mountains show difficulty on a four-mountain scale: one is a direct
application, two uses a familiar method, three combines ideas, and four is a substantial challenge.
Filled cogs show technical load on a three-cog scale: one is light, two is sustained, and three is
dense. Filled hourglasses show estimated time: one is under 20 minutes, two is 20-45 minutes,
three is 45-90 minutes, and four is more than 90 minutes. Pale pictograms show the unused part of
each scale. The work row uses the canonical order 8 proof, f calculation, P construction, </*
computation, and Q interpretation; pale icons mark work types not used. @ marks the intended
learning outcome. Time estimates cover the non-optional parts. Ratings are not prerequisites or
grading weights. A superscript asterisk marks an exercise based on supplementary lecture material;
it is not a difficulty rating and does not make the exercise optional when assigned.

Exercise 1: The squared-loss excess-risk identity.

© Derive the population identity that turns squared-loss excess risk into L? estimation error.

Let P € Ps, write p = Px, and let f5(X) =E[Y | X]. For any fixed f € L%(u), prove
E[(f(X) = Y)?] — E[(f5(X) = V) = | — f3l2a (0,

Then let S, be a training sample independent of the test pair (X,Y) and let ]?n be selected from
Sp. Show that, whenever the displayed quantities are finite, the same identity holds conditional on
S, with f = f,.

Exercise 2: Point corrections and the test measure.

© Separate exact fitting at the observations from integrated prediction error.

Let o be a Borel probability law on X C R, let z1,...,x, € X be distinct, and let g, f* be
measurable, square-integrable functions with specified point values. For numbers rq,...,r,, define

h(z) = g(x) + Zri]l{x =2}
i=1

(a) Suppose that p({z}) =0 for every z € X. Prove

Ih=glle2y =0,  [lh— e =g = Fllr2q)-
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Choose r; so that h(z;) = y; for arbitrary prescribed values yi, ..., yn.

Show that the conclusion can fail when the test law has a point mass. Give an explicit choice
of X, u, g, f*,x1,r1 for which

1h = 13200 > lg = FA1I72(0)-

Show that the distinction from part (a) is whether the set on which the correction is nonzero has
zero or positive pu-measure, and state why this determines whether the correction contributes
to the population L?(u) error.

Optional. Let P € Py be arbitrary, and assume that every singleton in X is measurable. Let
Sn = ((X;,Y5)), be an i.i.d. sample with £(X;,Y;) = P. Write N, (z) = > | {X; = =}
and define

P =1 Foa), Na()

where fn is any estimator. Prove that, for every training index ¢ such that X; = X; implies
Y, =Y for all j € [n],

. {Nn(x)_l Six,a Yis Na(z) >0,
0,

Fa(Xi) = Vi

Optional. In the setting of part (c), suppose that

r3 P
1= £y 0
Prove
= P
an—f;”%z(px) —0 as n — 0o.

You may use that the set D = {z : Px({z}) > 0} is countable, the strong law of large numbers,
and dominated convergence for sums over D.

HinTs For (b), a one-point space is sufficient.

Exercise 3: Minimum-norm solutions and elimination of a coefficient block.

© Derive the minimum-norm formula and reduce a constrained fit to a quadratic problem.

All vector norms below are Euclidean.

(a)

(b)

Let M € R™ P and suppose M6 = y is feasible. Prove that the feasible vector of minimum
norm exists and is unique. When M has row rank n, prove that

=M (MM y, 0P =y (MMT) "y

Show that every feasible 6 has the form @ + z with z € ker M, and that ||9A—{— 2|2 = \|§||2 + 12|12

Let U € R™™ let V € R™P have row rank n, and set H = D-'VV . For fixed § € R™,
derive

b=V (VVI)THY =UB),  Dlbsl* = (Y = UB) H (Y - UB).
Deduce that minimizing ||3]|? + D||b||? subject to UB + Vb =Y reduces to minimizing

a(B) = 1BI*+ (Y —UB)"H™ (Y - Up).
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(c) Differentiate ¢ to prove R
B=I,+U"H'U)'UTH'Y.

Explain why the inverse exists even when U has dependent columns. Writing A = U H~'U
and T' = (I,, + A)T'UTH™L, verify

TU = I, — (In, + A7,
and derive Eq. (9.20) from Eq. (9.19).

HinTs For (a), decompose a feasible vector into its components in ker M and (ker M)+. For (c),
examine the quadratic form of I, + A.

y'V'y Exercise 4: The function norm induced by a feature map.
g b4 © Relate parameter minimization to a function norm even when representations are not unique.
Let ¢ : X — RP, let F = {x > 0 4(x) : § € RP}, and define
N ={6:0"y(x) =0 for every z € X}, 1 flly = ezei%f):f 16].
Equality here is pointwise on X.
(a) Prove that every f € F has a unique representing vector ; € N L that all its representing

vectors form 6 + N, and that || f|l, = ||6f||. Show that f — 6 is linear and deduce that || - ||,
is a norm.

(b) Suppose the interpolation constraints f(X;) = Y; are feasible. Prove that minimizing ||0||
over interpolating parameters and minimizing | f||, over interpolating functions give the same
unique function. Establish existence and uniqueness, including when the features are linearly

dependent.
(¢) For invertible G € RP*P, set ¢(%) = G1p. Prove that the represented function space is unchanged
and that
= inf [GTH.
Il =, nt_IG~e)

Explain why, when the features are dependent, this infimum need not be attained at the vector
r from (a).

HiNTs Use the orthogonal decomposition RP = N @ N1, For (c), the coordinate change is § = G Tc.

A: Exercise 5: Best approximation, orthogonality, and synthesis bounds.
b4

© Derive the population-norm identities used to separate approximation and estimation error.

(4

Use the inner product and norm from Appendix 9.A. Let vy, ..., %m,_1 be orthonormal in L?(p),
Fm = span{vg, ..., ¥m_1}, and f* € L?(u).

(a) Prove that the unique best approximation g, € F, is

Im = Z <f*7 w]>L2(p)¢]

j<m

Writing r = f* — g, prove that (r,g)r2(,) = 0 for every g € Fy,. Also show directly that
optimality forces this orthogonality by considering ||f* — (gm + tg)]/32 ) for real t.
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(b) If g = B)u with uw = (¢o,...,%m_1)", prove
182 = lgmliZags  1F W2 = lomlZaga + 7220
For arbitrary 3 € R™ and h € L2 (1), deduce
18T+ — F20 < 318 — Bell2 + 3l1AI2 (0 + 3722 -

(c) Suppose x; are orthonormal under a probability measure v and p(E) < Mv(E) for every
measurable set F/, with M < oco. Prove, for every finite coefficient vector b, that

> _bixs <MY b
7 L2(p) 3

Specialize to the uniform and arcsine laws in the lecture to obtain Eq. (9.9).

2

HiNTs Expand the squared norms using the inner product. For (c¢), extend the measure inequality
from indicators to nonnegative simple functions and then to nonnegative measurable functions.
Exercise 6: Feature scaling can change the minimum-norm interpolant.

© Construct a two-parameter example in which feature scaling changes the minimum-norm interpolant.

Using two parameters, construct two feature maps that represent the same function class but
whose minimum-FEuclidean-parameter-norm interpolants are different under the same interpolation
constraint.

Exercise 7: A large penalty and two-stage fitting.
© Quantify when a weighted interpolator approximates fitting the first block and then its residual.

Fix U € R™™ of column rank m, V € R™P of row rank n, and Y € R”. For A > 0, let (B\A,B)\)
minimize ||3]|? 4+ A||b||? subject to UB+ Vb =Y. Set H =D 'VV' A=UTH™ U, and define
the two-stage fit by

3 =arg min(Y — UB)' H YWY -UB), b=V (VV)"(Y-URJ).
(a) Prove that
B=A"WTHT'Y, Br—B=—(In+(/D)A) 'S
If A > al,, with a > 0, deduce

53 [El
— 8 < —=0
(b) Put dy = B, — . Prove that
by—b=-VI(VV)'Udy, |bx—b|]> =D 'd}| Ady.
For the lecture’s choice A = D, show that on G,
2 2 ||5H N =12 o 2CH 32
[l < ——— bp —bl|* < —— .
180 =B < ey oo = BIE < B

Distinguish the limit A — oo with U, V,Y fixed from the lecture’s bound, where D, V', and n
may vary together.
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(c) Show that B is the ordinary least-squares solution when H is a scalar multiple of I,,. For

() o () v () o

calculate B and the ordinary least-squares solution. Explain why a large second-block penalty
alone does not imply convergence to ordinary least squares.

HinTs Eliminate b as in Exercise 3. For the last bound in (b), diagonalize A and use ¢/(1+)? < 1/t
for t > 0.

Exercise 8: Two derivations of the optimizer identities.
© Derive the optimizer from its optimality equations and verify it with a push-through identity.

Let U € R™™ and V € R™P | where V has full row rank, and define
H=D'vvT, K=H+UU', a=KY.

Assume that H is positive definite. Consider

- —|ol|* : U Vb=Y ;.
ain {812+ G017 vs + Vo= x|

(a) Introduce a Lagrange multiplier in R™ and use the optimality equations to prove that the
optimizer satisfies
B=U"a, b=D"'V'a.

(b) Let A € RP*? and B € R?*P_ and suppose the two inverses below exist. Starting from
(Ip+ AB)A = A(1, + BA),
prove the push-through identity
(I, + AB) YA = A(I, + BA)™.
Then apply it to prove
(In+U'H'O)"'WW'H'=UT(H+UU") L

Conclude that the formula for B\ in Eq. (9.18) equals U .

(c) Starting from the formula for bg in Eq. (9.17), verify directly that
b=D"'V"a.
Your calculation should use VVT = DH and I, —-UUTK~' = HK 1.

Remark 9.7.1 (Why “push-through”?). In (I, + AB)"'A = A(I, + BA)~!, the factor A moves
through the inverse. The matrix being inverted changes from a p X p matrix to a ¢ X ¢ matrix. This
identity is especially useful when one of these two matrices is substantially smaller than the other.
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Exercise 9: Matrix inequalities in the interpolation proof.

© Justify the spectral and matrix-order bounds used in the risk calculation.

For symmetric matrices, S < R means z ' Sz < x' Rz for every vector z. The matrix norm is the
Euclidean operator norm [[M| = supj,=1 [|[Mz[|. You may use the spectral theorem: every real
symmetric matrix has an orthonormal basis of eigenvectors.

(a) Prove that S < R implies BT SB < BT RB for any matrix B of compatible size. If cyI, <
H <X Cyxl, with ¢y > 0, prove

Cp'l, = H' < ¢ I, H?<c/H

Identify which inequalities follow by applying scalar inequalities to the eigenvalues of the same
symmetric matrix.

(b) Suppose also UTU = (n/2)1,, for U € R™*™. With A=U"H U and T = (I, + A)"'U"H™},

prove
n 2Cy
A= —1, I, +A)7Y < ==
=g, MUmt AT <=5,
and 00
TTT < ¢ (In + A) AL, + A~ = =20,
CHN

Explain why it is legitimate to diagonalize A and (I,,, + A)~! simultaneously.
(c)Set K=H+UU",a=K'Y,H=D"'VV', and b= D"'VTa. Prove the full chain

b]?= D 'a"Ha < D'YTK'Y < (g D) Y|
HinTs For (b), first write 7T " explicitly. For an eigenvalue t > 0 of A, use ¢/(1 4 t)? < 1/t.

Exercise 10: Operator norms, traces, and noise depending on the inputs.
© Turn matrix bounds into expectation bounds without assuming independent residuals.

Use the Euclidean operator norm. The trace tr(M) of a square matrix is the sum of its diagonal
entries.

(a) For T' € R™*"™ prove
ITI? = |TTT|| =TT,  &(T'T)=te(TT").

If TTT < bI,, with b> 0, deduce that ||Tz||> < b||z||? and tr(TTT) < mb.

(b) Let (X, &)™ be i.i.d. with E[e; | X;] = 0 and E[e? | X;] < 0. Let T € R™*" depend only
on Xi.,, and let G be an input event. Set 7' = 0 on G¢ and assume TT ' < bl,, on G for a
deterministic b < co. Writing € = (&)}, prove

E[||Telf? | X1m] = tr(T T TE[ee | X1.0]) < o tx(TTT).

Deduce E[I{G}||T¢||?] < o?mb. State exactly where the i.i.d. assumption, the zero conditional
mean, and the fact that G is an input event enter the calculation.

(c) Let r € L?(u) be fixed, where p is the law of X;, and set rx = (r(X;))";. Show that
Ellrxl?) = nllrlZa,  EIGHIT x| < ballrlZs .

Explain why independence of T" and rx is unnecessary.
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HiNTS For (a), use the singular value decomposition or the nonzero eigenvalues of T'T and TT .
For (b), expand the quadratic form as a finite sum and condition on all the inputs before averaging.

Exercise 11: Consistency with finite average noise variance.
© Extend the interpolation guarantee to unbounded conditional variances by controlling their tails.

Retain the uniform-input, i.i.d. regression setup and Ele; | X;] = 0, but replace the uniform
conditional variance bound by

s*(x) = Ele? | X; = ], 7 = E[s*(X;)] = E[e?] < 0.
For z € R, write z; = max{z,0}.

(a) Let T € R™*™ depend only on the inputs, set T = 0 on G¢, and suppose TT" < (Cr/n)I,, on
g for a fixed Cp > 0. Prove that, for every deterministic a > 0,

E[{GHITe|? < Cr (5= +El(*(X1) — a)s]).

No independence between T' and s?(X;) may be assumed.

(b) Define the deterministic quantity

V(O) = inf{at + E[((X1) —a)sl}, >0,

Use (a) and the proof of Theorem 9.3.1 to show that, for m + D > n, D > 16m, and ¢ € (0, 1),
with probability at least 1 — Cn?/D — mexp(—cn/m?) — 6,

" c 1712
1F = Pl < 5 (Am(f*) V() + =+ (1 g +02)> .

The constants ¢, C > 0 are universal. Show that if s?(X;) < o2 almost surely, then V(m/n) <
o’m/n.

(¢) Prove that V(t) — 0 as t | 0. Deduce consistency in probability for m,, = max{1, [n'/*]} and
D,, = n? for every fixed f* € L?(u) with > < co. Explain why finite average variance alone
does not give a decay rate for the tail expectation in (a).

HinTs For (a), condition on the inputs and split each variance using s? < a + (s* — a)4. Use the
trace bound for the first term and ||Te;||* < Cr/n for each term in the remainder. For (c), fix a
while taking ¢ | 0, and then take a — oc.

Exercise 12: Equal penalties can eliminate a nonzero signal.

© Use a Gram-matrix bound to diagnose failure of a minimum-norm interpolator.

Use the notation of Section 9.3. Suppose that on events G,, with P(G, ) — 1, the tail Gram matrix
satisfies H = D,;'VV T = cI,, for a constant ¢ > 0. Let J/”Eq be the minimum-L?(u)-norm polynomial
that interpolates Y. Assume E[Y?] < oo and D,,/n — oo.

(a) On G, construct an interpolating polynomial using only the Chebyshev features in v. Use
Eq. (9.9) and the minimality of f, to prove
m 2
|

7eq(2
||fn ||L2(y) S QCDnHY
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(b) Prove ||f§qHL2(#) % 0 as n — co. Then show that for every fixed nonzero f* € L?(u),

e P
||f7eLq_f*”%2(u) — Hf*H%Q(M) as 1 — 0.

(c) The estimator interpolates every sample with distinct inputs. Explain why this fact is compatible
with convergence to zero in population norm. Your answer must distinguish values on the
random training set from an L?(u) statement about test inputs.

HinTs For (a), solve Vb =Y with its minimum-Euclidean-norm coefficient vector. For (b), apply
the weak law of large numbers to n~!||Y||? and Cauchy-Schwarz to the cross term in the squared
distance.

9.A Background: L%, orthogonality, and projections

The population norm measures functions by their average squared values under the input law. The
resulting geometry lets us separate approximation error from coefficient error.

For a probability measure yu, the space L?(u) consists of real measurable functions f with
i f?du < oo, identifying two functions when they agree p-almost everywhere. Define

1/2
b = [ fodne Wl = ([ 2a0) "

An inner product is a symmetric bilinear form that is positive on every nonzero vector; it induces
a norm by ||f]| = +/(f, f). Identifying functions that agree almost everywhere is necessary here:
the integral of f2 can be zero even if f is nonzero on a set of measure zero. Thus L?(u) does not
distinguish changes at finitely many points when g has no atoms. Interpolation constraints concern
the values of chosen function representatives, while population error concerns their L?(p) classes.

A Hilbert space is an inner-product space complete in its induced norm: every Cauchy sequence
converges to an element of the space. L?(u) is a Hilbert space. Its basic inequalities are

I D2l < Iz llgllz2 1+ all2gey < 1fll2qe) + N9l 20

The first is Cauchy—Schwarz. The second follows by expanding || f + QH%Q(H) and applying the first.
Two functions are orthogonal when their inner product is zero. For such functions, expansion of
the squared norm gives Pythagoras:

1 + glZ2qu = £ 20 + 191172 -

A family (¢;) is orthonormal when (1;, ) r2(,) = I{j = k}. It is an orthonormal basis if its finite
linear combinations are dense: every element of L?(p) can be approximated arbitrarily well in norm
by those combinations. Such a basis can be infinite, and a general function is the norm limit of its
expansions. For the finite span of vy, ..., ¥m—_1, the orthogonal projection of f is

9m = Z <f7 ¢j>L2(H)wj'
j<m

It is the unique best approximation in that span, and f — g,, is orthogonal to every element of
the span. In Exercise 5, you are asked to prove these claims and the resulting norm identities. A
finite-dimensional subspace is closed, so the best approximation exists; completeness of the ambient
Hilbert space also guarantees projection onto arbitrary closed subspaces.
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9.B Why the polynomial matrices satisfy the required bounds

Why do the actual polynomial features satisfy the matrix conditions used in the main proof? Their
coordinates are dependent, so an independent-coordinate argument would not answer this question.
We use their orthogonality, boundedness, and the independence of the sampled inputs.

Lemma 9.B.1 (Sample matrices for the two polynomial bases). For the uniform input law and
features in Section 9.3, if D > 16m, there are universal constants cg, Ch, Ccpr, Cpr > 0 and an input
event G such that

cpl, < H =< Cyl,, UTU = (n)2)In

on G, and
P(G°) < Cpyn?/D + mexp(—cpen/m?).

Moreover, ¥, := E[v(X)v(X) ] < (n/2)Ip.

Proof. We verify the three claims in turn.

The interpolation Gram matrix. How can many dependent polynomial features yield a well-
conditioned n x n matrix? Its diagonal stays bounded, while its off-diagonal entries become small

in mean square.
Put Qg (z) = di<q x; ()2 For every ¢ > 1 and x € [—1,1],

q/4 < Qy(x) < 2¢. (9.32)

The upper bound uses |x;| < V2. To prove the lower bound, write 2 = cos. When sinf > 2/q,

1 sin((2¢ — 1)0)
X .
Qgleost) =g—5+—o 15

>

=~ [
S

S 1
_q2

This case can occur only for ¢ > 2. Otherwise let ¢ = min(6, 7 — #). The inequality sin® > 2¢/7
implies ¥ < 7/q. For 1 < j < |q/4], 2cos?(j9) > 1. Including the constant feature gives

Qq > 1+ [g/4] = /4.
The diagonal of H is d(X;), where
d(z) = D7HQ),, p(a) — QN (x)).

By Eq. (9.32), if D > 16m, then
1/8 <d(x) < 2.

Let J = diag(d(X1),...,d(X,)) and E = H — J. The domination p < (7/2)v and orthonormality
under v give ¥, < (7/2)Ip. For i # ¢, independence of X;, X, therefore gives
2 2 2 m
E[H;] = D = tr(X:) < —.
[ lf] r( U) — 4D

Consequently E[|E||%] < Cn?/D. Markov’s inequality and ||E|| < ||E|r show that ||E|| < 1/16
except on an event of probability at most Cn?/D. On this event,

(1/16)I, = H = (33/16)1,,.
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The low-degree design matrix. Why are its m coefficients estimable from n samples? Legendre
orthonormality gives E[u(X)u(X) "] = I,,,, and |P;| < 1 gives

lu(@)|* = D (2] + ) Pj(2)* < m?,

j<m

The matrix Chernoff inequality for independent positive semidefinite matrices Z; € R™*™ with
0 = Z; = RI,, states that

P (Amin (Z Zi> < Dauin (Z IE[Z,})) < mexp <—c Amin (Z E[ZZ-D /R) .

Apply it to Z; = u(X;)u(X;)" with R = m? and Y, E[Z;] = nl,,. This proves UTU = (n/2)1,,
outside an event of probability mexp(—cn/m?). Intersecting the two input events proves the
lemma. O

The main proof uses only this lemma, orthonormality of the low-degree features, and the synthesis
bound for the additional features. Thus the argument applies to other series whenever those same
properties hold. The polynomial calculation provides a concrete verification of those properties on a
fixed, one-dimensional problem.

9.C Expected-risk failure and its remedies

Does the positive probability guarantee also control the average loss over training samples? For our
unmodified polynomial interpolator the answer is no. The obstruction is not specific to polynomials:
fitting different noisy responses at nearby inputs forces large variation, and some function spaces
can realize that variation only at large population norm. We first state that general principle, then
show what clipping repairs.

9.C.1 A general obstruction from nearby inputs

Which property of the function space makes close observations dangerous? Let (X, d) be a metric
space and let X7, X5 be independent with law p. For the next result let F,, C L?(u).

Proposition 9.C.1 (Interpolation with norm-controlled variation). Suppose n > 2, E[Y?] < oo,
and the i.i.d. observations satisfy

ElY; | Xi] = f*(X,),  Var(Y; | X;) > 05 > 0.
Assume that for some deterministic 0 < Cp, < oo and measurable function w : (0,00) — (0,00),
l9(x) — g(2")] < Crw(d(x,2))lgll2(e) (9 € Fn, @ # 27), (9.33)

and that
P(X1=X2)=0, Elw(d(X1,X2))?] = oc.

FEvery measurable estimator ']/f; € F, that interpolates the sample almost surely satisfies

Elllfy — f*22(] = -
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Proof. On the probability-one event of interpolation and X; # X, apply Eq. (9.33) to g = ﬁl:
(Y1 = Y2)? = |Ja(X1) — fu(X2)?
< Crw(d(X1, X2))?[ a3
The factor C2w(d(X1, X2))? is strictly positive, so division gives
(Y1 - Ya)?
C2w(d(X1, X9))2

Independence of the two observations gives, conditional on their inputs,

E[(Y1 — Y2)? | X1, Xo] > (f*(X1) — f*(X2))? + 205 > 203,

1113 >

Taking expectations of the nonnegative quantities gives

(1713 2 DBl X)) = o

Finally, [|fn = f*II3 > 3l1£al3 = [1£*13- =

In the applications below, w is nondecreasing and therefore Borel measurable. For an arbitrary
measurable modulus, replacing w by the nondecreasing majorant w(t) = supg.,<;w(u) is not
automatic: when this majorant is finite, it preserves Eq. (9.33), but the inequality @2 < w2
can destroy the required infinite inverse-square expectation. The two conditions must therefore be
checked for the chosen modulus.

To express the consequence in terms of the benign set, let Ag(B) denote the version of Eq. (9.2)
requiring E[|| B, (Sn) — /5132 (Py) | = 0 as n — oo instead of convergence in probability. If a fixed
law P and the interpolating procedure’s output classes satisfy the proposition for all sufficiently
large n, then P ¢ Ag(B). The close-input condition is quantitative: the expected inverse-square
modulus must diverge, not merely be large. This exclusion does not imply P ¢ A(B) with its
original definition.

For uniform inputs on [—1, 1], take w(t) = t. Then E[|X] — X3|72] = oc.

Proposition 9.C.2 (Variation control in finite-dimensional smooth spaces). Let p be the uniform
law on [—1,1], and let F, C CY([-1,1]) be a fized finite-dimensional linear subspace. There is a
constant 0 < C), < oo such that

l9(x) — g(2')] < Culz —2'llgllr2qy (9 € Fny @,2" € [-1,1]).
Thus Eq. (9.33) holds with w(t) =t.

Proof. Continuity ensures that ||g||z2(,) = 0 implies g = 0 everywhere, so || - [|12(,) is a norm on F,.
By finite-dimensional norm equivalence, the norm ||g||c1 := [|g]lco + ||¢' || satisfies

19|00 < llgller < Cullgllzgy (9 € Fa).

The mean-value theorem now gives |g(z) — g(z')| < | — 2'|||¢'||c0, Proving the claim. O

This includes degree-at-most-p,, polynomials for every deterministic finite p,, even when p,
grows very rapidly with n. It also includes finite spans of fixed continuously differentiable features.
The constant C), may grow with dimension; its finiteness at each n is enough.

In particular, the result applies to the exact procedure in Theorem 9.3.1. It does not apply to
every smooth interpolating method: a class permitting arbitrarily narrow corrections need not satisfy
Eq. (9.33) with one deterministic finite C),. For example, bounded piecewise-linear interpolation
can accommodate a close pair by placing its steep segment only between the pair.
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9.C.2 What infinite expectation signals

How can risk tend to zero in probability while its expectation is infinite? The exceptional samples
have probabilities tending to zero, but their losses have no integrable uniform bound. The example
below makes this failure visible without a complicated target or unbounded observation noise.

Take f* = 0 and independent Rademacher noise ¥; € {—1,1}. For any fixed n and class
satisfying |g(z) — g(2/)] < Cplz — 2']||g||2, the event Y7 # Y3 has probability 1/2. On it,

—~ 4
2

>

I fnll2 2 C21X, — X,|?

For independent uniform inputs, P(| X7 — Xa| < t) =t —t2?/4 for 0 < t < 2. Hence, for all sufficiently
large z,
~ c
P(l| £all3 > 2) >

= Oz
Integrating this tail over z diverges. The large loss comes from the estimator, although the target
and responses are bounded. In a finite-dimensional smooth space, fitting a steep change at a close
pair forces a large L? norm somewhere on the domain. The mean-value theorem alone locates a
large derivative, not the location of the large predictions.

This matters when repeated retraining is evaluated by average squared loss, or when occasional
extreme predictions are unacceptable. The proposition is a tail-risk result rather than a claim
about a typical fitted model; the frequency of large losses also depends on C),. Finite measurement
precision removes the literal arbitrarily-close-pair idealization, but can still leave severe sensitivity.
A probability guarantee and a tail safeguard therefore answer different practical questions.

9.C.3 Clipping and regularization

Can we control the rare failures without losing the positive result? Suppose a bound |f*(z)| < M is
known, and define the clipped predictor

Fa(@) = [fa(@)] - arar) = max{—M, min{M, f,(z)}}.
Projection onto an interval cannot increase the distance to a point of that interval. Thus, sample by
sample, R B
1Fr = 5113 < = f113 ([F0 = f7II5 < 422,
This already turns consistency in probability into expected-risk consistency. For our procedure, the
proof gives a rate as well.

Proposition 9.C.3 (Clipping recovers the expected-risk rate). Under the assumptions of Theo-
rem 9.3.1, suppose |f*| < M p-almost everywhere. Then

02 *||2
7, - 18 < C(an(r) + 20+ 10E 2+ 00)

+4M?(Cn? /D + mexp(—cn/m?)). (9.34)

For the choices in Corollary 9.3.3, this is O(n=25/Zst)) If |Y| < M almost surely as well, f, still
interpolates.

Proof. Split the expectation on G and G°. On G, clipping cannot increase the error, so use the
expectation estimates Egs. (9.16), (9.22) and (9.23) from the main proof. On G, the error is at most
4M?. This proves Eq. (9.34). When D,, = n3, the new contribution n?/D,, = n~! is smaller than
the claimed rate, and the design failure term decays faster than any power. Finally, if Y| < M,
clipping leaves f,,(X;) = Y; unchanged. O
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A known response range is stronger than a known range for the conditional mean. With
bounded responses, clipping preserves interpolation but generally leaves the polynomial space, so
the prediction rule is the minimum-norm fit followed by clipping. With only a target bound, some
noisy responses may lie outside the interval, and clipping no longer interpolates those observations.
Both are valid remedies, but they define different procedures and different benign sets.

Positive ridge regularization is another remedy: it permits residual training error instead of
insisting on fitting an unstable sample exactly. For a fixed bounded feature map ¢ and

2

y L T v vo2 2
9,\€argmem{n2(9 d(Xi) = Yi)" + 0] }, A >0,

comparison with 8 = 0 gives H@AHQ < |IY|I?/(nA). If sup, ||¢(z)]|* < K,, < co and E[Y?] < oo, then
E[103 8122, < KaE[Y?]/A < oo,

This removes the fixed-sample infinite expectation. Choosing A, to obtain consistency or an optimal
rate is a further statistical question; positivity alone does not establish either.
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