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Lecture 8: Distribution shift and helping models learn, continued 8–1

CMPUT 654: Mathematical Foundations of Modern AI Systems Fall 2026

Lecture 8: Distribution shift and helping models learn,
continued

September 29, 2026

Lecturer: Csaba Szepesvári Note prepared by: Csaba Szepesvári

Reading guide. Lecture 7 gave an example in which a small ReLU network represents a fixed
parity but direct perturbed population-gradient training has no reliable classification advantage.
This lecture first proves that result. It then changes the supervised task: running-parity labels
expose a repeated two-bit calculation whose final output is still the original parity. The path-star
example and a constructed transformer theorem show that retrieval and combination must also
be learned. The transformer theorem is included as optional reading because its assumptions and
three-update proof are useful for understanding the mechanism but are not needed for the parity
lower bound. The prerequisites are Gaussian vectors, KL divergence, total variation, Pinsker’s
inequality, Hoeffding’s inequality, ReLU networks, and the parity setup recalled below.

8.1 The fixed-parity result

Let d ∈ N and [d] = {1, . . . , d}. For fixed S ⊆ [d], write

χS(x) =
∏
j∈S

xj , x ∈ {−1, 1}d.

Let X be uniform on {−1, 1}d, set Y = χS(X), and write k = |S|.
A one-hidden-layer ReLU network with m ∈ N units has parameter

θ = (ur, wr, br)
m
r=1 ∈ Rp, ur, br ∈ R, wr ∈ Rd, p = m(d+ 2).

We identify this tuple with the vector formed by concatenating its coordinates. Write [a]+ =
max{a, 0}, use ∥ · ∥ for the Euclidean norm, and let Ip denote the p×p identity matrix. The network
Nθ : {−1, 1}d → R and its signed correlation objective F : Rp → R are

Nθ(x) =

m∑
r=1

ur[w
⊤
r x+ br]+ (8.1)

and

F (θ) = −E[Y Nθ(X)]. (8.2)

Lecture 7 constructed a width-(k + 1) network representing χS . Thus the lower bound below
concerns optimization rather than representability.

For fixed θ, define the classifier and its risk by

hθ(x) = sign(Nθ(x)), R01(hθ) = P(hθ(X) ̸= Y ),

where sign(0) = 1.1



Last revised: 2026-10-02 22:54 UTC-06:00

8–2 Lecture 8: Distribution shift and helping models learn, continued

Fix a number of updates T ∈ N, a learning rate η > 0, and a noise scale σ > 0. Let the Rp-valued
random vectors Θ0,Ξ0, . . . ,ΞT−1 be mutually independent and independent of X, with

L(Θ0) = N (0, σ2Ip), L(Ξt) = N (0, σ2Ip), 0 ≤ t < T.

Use the ReLU backpropagation rule a 7→ I{a > 0} in the updates. The trained process and its
gradient-free comparison process are

Θt+1 = Θt − η∇F (Θt)− Ξt, (8.3)

Θ
(0)
0 = Θ0, Θ

(0)
t+1 = Θ

(0)
t − Ξt. (8.4)

The following lemma compares the complete parameter trajectories. Its bound will let us transfer
a classification-risk calculation for the Gaussian walk to the trained network.

Lemma 8.1.1 (Path comparison). Let d > 30, A > 0, m,T ∈ N, and η, σ > 0. Assume

m,T, η, σ, σ−1 ≤ dA, k ≥ (288A+ 144) log d. (8.5)

Then
TV
(
L(Θ0, . . . ,ΘT ),L(Θ(0)

0 , . . . ,Θ
(0)
T )
)
≤ e−k/36. (8.6)

The Gaussian walk is symmetric under changes of sign of individual parameter coordinates.
Combining that symmetry with the path comparison gives the classification conclusion.

Theorem 8.1.2 (Classification advantage occurs with probability at most one half). Under the
assumptions of Lemma 8.1.1, for every γ > 0,

P
(
R01(hΘT

) ≤ 1

2
− γ

)
≤ 1

2
+ e−k/36, (8.7)∣∣∣∣E[R01(hΘT

)]− 1

2

∣∣∣∣ ≤ e−k/36. (8.8)

Proof. By Lemma 8.1.1, it suffices to establish the two risk bounds for the Gaussian comparison

parameter G = Θ
(0)
T , with the e−k/36 terms removed. We will show that R01(hG) and 1−R01(hG)

have the same law.
Fix j ∈ S. Let Dj : Rd → Rd flip the jth sign:

Dj(x1, . . . , xd) = (x1, . . . , xj−1,−xj , xj+1, . . . , xd).

Define the corresponding parameter map by

Jj : Rp → Rp, Jjθ = (ur, Djwr, br)
m
r=1.

Both maps are orthogonal involutions: D⊤
j Dj = D2

j = Id and J⊤
j Jj = J2

j = Ip. The identities

(Djwr)
⊤x = w⊤

r Djx and j ∈ S give

NJjθ(x) = Nθ(Djx), χS(Djx) = −χS(x).

Changing variables z = Djx in the uniform input average gives

R01(hJjθ) = 2−d
∑
x

I{hθ(Djx) ̸= χS(x)}

= 2−d
∑
z

I{hθ(z) ̸= −χS(z)} = 1−R01(hθ).



Last revised: 2026-10-02 22:54 UTC-06:00

Lecture 8: Distribution shift and helping models learn, continued 8–3

Since L(G) = N (0, (T + 1)σ2Ip) and Jj is orthogonal, L(JjG) = L(G). Combining this invariance
with the risk identity gives

L(R01(hG)) = L(R01(hJjG)) = L(1−R01(hG)).

Thus the classification-risk distribution is symmetric about 1/2. Hence

E[R01(hG)] =
1

2
, P

(
R01(hG) ≤

1

2
− γ

)
= P

(
R01(hG) ≥

1

2
+ γ

)
≤ 1

2
.

The last inequality holds because the two events are disjoint. Total variation controls the difference
of event probabilities and of expectations of [0, 1]-valued functions. Applying Eq. (8.6) to these
functions of the final parameter proves both conclusions.

8.2 Proof of the parity hardness result

It remains to prove the trajectory comparison in Lemma 8.1.1. The key estimate is an expected
gradient bound under a Gaussian parameter law. We first use this estimate to compare the
trajectories, then prove it by reducing the gradient coordinates to threshold correlations.

Lemma 8.2.1 (Gaussian gradient). Let Θ = (Ur,Wr, Br)
m
r=1 have independent N (0, τ2) coordinates,

with τ > 0. If d > 30 and k ≥ 3, then

E[∥∇F (Θ)∥] ≤ 8mdτe−k/8. (8.9)

In particular, if k ≥ 72 log(8mdτ), then

E[∥∇F (Θ)∥] ≤ e−k/9, (8.10)

and
P(∥∇F (Θ)∥ ≥ e−k/18) ≤ e−k/18. (8.11)

8.2.1 From small Gaussian gradients to close trajectories

We use the Gaussian gradient estimate to prove the path comparison, restated here with its parameter
conditions.

Lemma 8.1.1 (Path comparison). Let d > 30, A > 0, m,T ∈ N, and η, σ > 0. Assume

m,T, η, σ, σ−1 ≤ dA, k ≥ (288A+ 144) log d. (8.5)

Then
TV
(
L(Θ0, . . . ,ΘT ),L(Θ(0)

0 , . . . ,Θ
(0)
T )
)
≤ e−k/36. (8.6)

Proof of Lemma 8.1.1. We want to bound the total variation between the trained trajectory and
the Gaussian walk. Introduce a process that agrees with the Gaussian walk whenever its gradient is
small. For ε = e−k/18, set

Θ0 = Θ0, Θt+1 = Θt − η[∇F (Θt)]ε − Ξt, [g]ε =

{
0, ∥g∥ ≤ ε,

g, ∥g∥ > ε.
(8.12)

For any process V0, . . . , VT , write V0:T = (V0, . . . , VT ). Name the three trajectory laws

P = L(Θ0:T ), R = L(Θ0:T ), G = L(Θ(0)
0:T ).

The triangle inequality gives the two quantities to control:

TV(P,G) ≤ TV(P,R) + TV(R,G). (8.13)
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The trained and auxiliary processes have close transition laws. We bound TV(P,R)
through KL. For a history ϑ0:t ∈ (Rp)t+1, the recursions specify the following versions of their
next-step conditional laws:

Pt( · | ϑ0:t) = L(Θt+1 | Θ0:t = ϑ0:t)

= N
(
ϑt − η∇F (ϑt), σ2Ip

)
,

Rt( · | ϑ0:t) = L(Θt+1 | Θ0:t = ϑ0:t)

= N
(
ϑt − η[∇F (ϑt)]ε, σ2Ip

)
.

These formulas define kernels from (Rp)t+1 to probability laws on Rp. At the same history, their
means differ by

η
(
∇F (ϑt)− [∇F (ϑt)]ε

)
,

whose norm is at most ηε. The KL formula for Gaussians with the same covariance gives

D
(
Pt( · | ϑ0:t),Rt( · | ϑ0:t)

)
=

η2

2σ2
∥∥∇F (ϑt)− [∇F (ϑt)]ε

∥∥2 ≤ η2ε2

2σ2
.

The initial laws agree. Thus the KL chain rule gives

D(P,R) =
T−1∑
t=0

EP

[
D
(
Pt( · | Θ0:t),Rt( · | Θ0:t)

)]
≤ Tη2ε2

2σ2
. (8.14)

By Pinsker’s inequality,

TV(P,R) ≤
√

1

2
D(P,R) ≤ ηε

√
T

2σ
. (8.15)

The auxiliary process agrees with the Gaussian walk with high probability. Use the
same initialization and increments for both processes, as in Eqs. (8.4) and (8.12). On the event

E =

{
max
0≤t≤T

∥∇F (Θ(0)
t )∥ ≤ ε

}
,

their trajectories coincide. Indeed, if Θt = Θ
(0)
t , then the auxiliary gradient is zero and both

recursions subtract Ξt. Induction proves equality at every time on E. The coupling inequality
therefore gives

TV(R,G) ≤ P(Ec).
To bound P(Ec), we apply Lemma 8.2.1 at each time. The independent Gaussian increments

give

L(Θ(0)
t ) = N (0, (t+ 1)σ2Ip), τt = σ

√
t+ 1.

The parameter conditions in Eq. (8.5) imply, for t ≤ T ,

log(8mdτt) ≤ log(8
√
2) + (1 + 5A/2) log d ≤ (4A+ 2) log d ≤ k/72.

Here we used m,σ, T ≤ dA and d > 30; the lower bound on k also implies k ≥ 3. Thus the Gaussian
gradient estimate applies and gives

E[∥∇F (Θ(0)
t )∥] ≤ e−k/9 = ε2, P(∥∇F (Θ(0)

t )∥ > ε) ≤ ε

by Markov’s inequality. A union bound now yields

P(Ec) = P
(

max
0≤t≤T

∥∇F (Θ(0)
t )∥ > ε

)
≤ (T + 1)ε, (8.16)

so
TV(R,G) ≤ (T + 1)ε. (8.17)
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Combining the two comparisons. Substituting Eqs. (8.15) and (8.17) into Eq. (8.13) gives

TV(P,G) ≤

(
η
√
T

2σ
+ T + 1

)
e−k/18. (8.18)

The polynomial bounds on η, T, σ−1 give

η
√
T

2σ
+ T + 1 ≤ 3d5A/2.

Finally,

log(3d5A/2) = log 3 +
5A

2
log d ≤ (8A+ 4) log d ≤ k/36.

Consequently, Eq. (8.18) is at most ek/36e−k/18 = e−k/36, as claimed.

8.2.2 Bounding the expected gradient one unit at a time

The path argument used the following estimate at variance τ2 = (t+ 1)σ2. We now prove it for any
τ > 0.

Lemma 8.2.1 (Gaussian gradient). Let Θ = (Ur,Wr, Br)
m
r=1 have independent N (0, τ2) coordinates,

with τ > 0. If d > 30 and k ≥ 3, then

E[∥∇F (Θ)∥] ≤ 8mdτe−k/8. (8.9)

In particular, if k ≥ 72 log(8mdτ), then

E[∥∇F (Θ)∥] ≤ e−k/9, (8.10)

and
P(∥∇F (Θ)∥ ≥ e−k/18) ≤ e−k/18. (8.11)

Proof of Lemma 8.2.1. We need to bound E[∥∇F (Θ)∥]. We start by calculating the derivative of
F at some fixed parameter vector θ ∈ Rp. Grouping the derivatives by hidden unit gives

∥∇F (θ)∥ =

√√√√ m∑
r=1

(|∂urF (θ)|2 + ∥∂wrF (θ)∥2 + |∂brF (θ)|2). (8.19)

We now turn to calculating the derivatives appearing in this expression. For this, let X be
independent of Θ, with L(X) = Unif({−1, 1}d).

For fixed θ, the objective in Eq. (8.2) is F (θ) = −E[χS(X)Nθ(X)]. Differentiating this finite
average and using that for every x ∈ {−1, 1}d,

xiχS(x) = χS△{i}(x)

we get

∂urF (θ) = −E[χS(X)[w⊤
r X + br]+], (8.20)

∂brF (θ) = −urqS(wr, br), (8.21)

∂wr,iF (θ) = −urqS△{i}(wr, br). (8.22)
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where for B ⊆ [d], the function qB : Rd × R → R is defined by

qB(w, b) = E[χB(X)I{w⊤X + b > 0}] , w ∈ Rd, b ∈ R . (8.23)

The identities stated for the derivatives hold whenever the preactivation margins are nonzero, which
occurs almost surely at Gaussian parameters.

We now show that the output-weight derivative also reduces to threshold correlations: since
[z]+ = zI{z > 0},

∂urF (θ) = −E[χS(X)(w⊤
r X + br)I{w⊤

r X + br > 0}]

= −brqS(wr, br)−
d∑
i=1

wr,iqS△{i}(wr, br). (8.24)

We now return to bounding E[∥∇F (Θ)∥]. Plugging Θ into Eq. (8.19), repeatedly applying√
x+ y ≤

√
x+

√
y, and then taking expectation of both sides, then applying Jensen’s to move the

expectation under the remaining square roots yields

E[∥∇F (Θ)∥] ≤
m∑
r=1

(
E[|∂urF (Θ)|] +

√
E[∥∂wrF (Θ)∥2] + E[|∂brF (Θ)|2]

)
. (8.25)

From our earlier expression for the partial derivatives with respect to the first layer parameters
(wr, br) we see that we will need bounds on the expected value of qB(Wr, Br)

2. The reason the
partial derivative with respect to ur is treated differently will become clear momentarily.

Lemma 8.2.2, stated and proved below, gives

E[qB(Wr, Br)
2] ≤ 8e−|B|/4.

Because |S| = k and |S △ {i}| ≥ k − 1 ≥ 2, this inequality gives

E[qS(Wr, Br)
2] ≤ 8e−k/4, E[qS△{i}(Wr, Br)

2] ≤ 8e−(k−1)/4 < 11e−k/4.

For the output-weight term, Eq. (8.24) and Cauchy–Schwarz give

E[|∂urF (Θ)|] ≤
√

E[B2
r ]E[qS(Wr, Br)2] +

√√√√E[∥Wr∥2]E

[
d∑
i=1

qS△{i}(Wr, Br)2

]
≤

√
8 τe−k/8 +

√
11 dτe−k/8 ≤ 7dτe−k/8. (8.26)

For the input weights and bias, Ur is independent of (Wr, Br). Thus Eqs. (8.21) and (8.22) give

E[|∂brF (Θ)|2] = E[U2
r ]E[qS(Wr, Br)

2] ≤ 8τ2e−k/4, (8.27)

E[∥∂wrF (Θ)∥2] = τ2
d∑
i=1

E[qS△{i}(Wr, Br)
2] ≤ 11dτ2e−k/4. (8.28)

Substituting these bounds into Eq. (8.25) proves

E[∥∇F (Θ)∥] ≤ mτe−k/8(7d+
√
11d+ 8) ≤ 8mdτe−k/8,

where d > 30 ensures the last inequality. If k ≥ 72 log(8mdτ), then 8mdτ ≤ ek/72 and the bound
becomes e−k/9. Markov’s inequality at threshold e−k/18 proves Eq. (8.11).
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8.2.3 Why a Gaussian threshold has little correlation with parity

It remains to bound the threshold coefficients used in the gradient proof. Averaging their squares
over Gaussian parameters will turn the calculation into a polynomial expansion on the Boolean
cube. Every power of degree below |B| cancels.

Lemma 8.2.2 (Gaussian threshold correlation). Let (W,C) have law N (0, τ2Id+1), with τ > 0.
For every B ⊆ [d] with |B| ≥ 2,

E[qB(W,C)2] ≤ 8e−|B|/4. (8.29)

Proof. To evaluate E[qB(W,C)2], expand the two copies of the input average. Let X,X ′ be
independent uniform random vectors in {−1, 1}d, independent of (W,C). All probabilities and
expectations in this proof refer to this joint experiment. Then

E[qB(W,C)2] = E
[
χB(X)χB(X

′)P(W⊤X + C > 0, W⊤X ′ + C > 0 | X,X ′)
]
.

For x, x′ ∈ Rd fixed, W⊤x+ C,W⊤x′ + C are centered Gaussian variables with common variance
τ2(d + 1) and covariance τ2(x⊤x′ + 1). Their correlation is therefore (x⊤x′ + 1)/(d + 1). The
Gaussian orthant formula gives

E[qB(W,C)2] = E
[
χB(X)χB(X

′)

(
1

4
+

1

2π
arcsin

X⊤X ′ + 1

d+ 1

)]
. (8.30)

Set Zi = XiX
′
i and V = (1+

∑
i Zi)/(d+1). The Zi are independent uniform signs, χB(X)χB(X

′) =
χB(Z), and E[χB(Z)] = 0. Hence

E[qB(W,C)2] =
1

2π
E[χB(Z) arcsinV ].

To bound this expression, we use the Taylor expansion

arcsin v =
∑
ℓ≥0

aℓv
ℓ, |v| ≤ 1, aℓ ≥ 0,

∑
ℓ≥0

aℓ =
π

2
.

The series converges absolutely and uniformly on [−1, 1]; Appendix 8.A gives the coefficients and
proves these properties. Absolute summability justifies exchanging the series and expectation, giving

E[qB(W,C)2] =
1

2π

∑
ℓ≥0

aℓE[χB(Z)V ℓ].

We first eliminate every term of degree ℓ < |B|. Expanding (1 +
∑

i Zi)
ℓ, each monomial omits at

least one coordinate in B. Averaging over that independent mean-zero sign gives

E[χB(Z)V ℓ] = 0, ℓ < |B|. (8.31)

Since |V | ≤ 1, for the remaining terms with ℓ ≥ |B| we have |V |ℓ ≤ |V ||B| and hence

E[qB(W,C)2] ≤
1

2π

∑
ℓ≥|B|

aℓE[|V |ℓ] ≤ 1

4
E[|V ||B|].

We now bound this single moment. Hoeffding’s inequality gives

P

(∣∣∣∣∣
d∑
i=1

Zi

∣∣∣∣∣ > 3d

4

)
≤ 2e−9d/32.
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On the complementary event,

|V | ≤ 3d/4 + 1

d+ 1
=

3

4

(
1 +

1

3(d+ 1)

)
≤ 3

4
exp(

1

3(d+ 1)
) ,

where the last inequality used that 1+ t ≤ et. Raising this bound to power |B| and using |B| ≤ d+1
gives |V ||B| ≤ e1/3(3/4)|B|. Using |V | ≤ 1 on the exceptional event, we conclude that

E[qB(W,C)2] ≤
1

4

(
2e−9d/32 + e1/3(3/4)|B|

)
≤ 8e−|B|/4,

where the last inequality uses d ≥ |B|, 9/32 > 1/4, and log(4/3) > 1/4.

On the Boolean cube, the functions χB form the Fourier character basis. The character χB has
degree |B|. Thus Eq. (8.31) says that every polynomial of degree below |B| has zero coefficient in
the χB direction. This cancellation leaves only high powers of V , whose moments are exponentially
small. The scale τ disappears because multiplying (W,C) by a positive number does not change the
threshold.2

8.3 Intermediate labels expose a repeated two-bit computation

The lower bound applies to direct training on the final parity label. To change the supervised task
while preserving its final answer, write xi = (−1)bi with bi ∈ {0, 1} and define

z1 = b1, zi = zi−1 ⊕ bi, 2 ≤ i ≤ d. (8.32)

Then (−1)zd = χ[d](x). Supplying z1, . . . , zd during training gives a label for every application of
the same local rule. The following proposition gives that rule explicitly and verifies that composing
it solves the original parity task.

Proposition 8.3.1 (A local XOR rule composes into parity). The function

g(a, b) = [a+ b]+ − 2[a+ b− 1]+ + [a+ b− 2]+

equals a⊕ b on {0, 1}2. If ẑ1 = b1 and ẑi = g(ẑi−1, bi), then

ẑi = b1 ⊕ · · · ⊕ bi

for every i. In particular, (−1)ẑd = χ[d](x).

Proof. We prove the running-parity identity by induction. At i = 1 it holds because ẑ1 = b1. For
the induction step, we need g(a, b) = a ⊕ b for binary a, b. Evaluating the ReLU expression at
a+ b = 0, 1, 2 gives 0, 1, 0, respectively, which is exactly XOR. Thus, if the identity holds at i− 1,
then

ẑi = g(ẑi−1, bi) = ẑi−1 ⊕ bi = b1 ⊕ · · · ⊕ bi.

Taking i = d proves the final claim.

One implementation can train a network for g and then place copies of that network in a
prescribed computation graph. The connections are supplied by the construction. A single sequence
model has the harder job of learning both the local rule and the routing that supplies its arguments.

Fix the predictors after training. The following proposition relates their errors on correct prefixes
to the errors made when their own predictions are supplied as prefixes.
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Proposition 8.3.2 (Local errors control the probability of a rollout error). Let (X,Z1:d) be a
random input and target sequence taking values in X ×Zd, where Z is a finite output alphabet. For
fixed predictors

gi : X × Z i−1 → Z, i ∈ [d],

define the rollout recursively by

Ẑi = gi(X, Ẑ<i), i ∈ [d],

where Z<1 and Ẑ<1 are empty prefixes. Define the teacher-forced error events

Ei = {gi(X,Z<i) ̸= Zi}, i ∈ [d].

Then

{Ẑ1:d ̸= Z1:d} =

d⋃
i=1

Ei. (8.33)

Consequently,

P(Ẑd ̸= Zd) ≤ P(Ẑ1:d ̸= Z1:d) ≤
d∑
i=1

P(Ei).

Proof. We characterize the event that the first i predictions are all correct. On {Ẑ<i = Z<i}, the
two evaluations of gi have the same arguments. Hence

{Ẑ1:i = Z1:i} = {Ẑ<i = Z<i} ∩ Eci .

Starting with the empty prefix and applying this identity successively gives

{Ẑ1:d = Z1:d} =

d⋂
i=1

Eci .

Taking complements proves Eq. (8.33). Finally, {Ẑd ̸= Zd} ⊆ {Ẑ1:d ̸= Z1:d}, and the union bound
gives the stated probability inequalities.

Thus P(Ei) ≤ ε for every i gives a final-answer error bound of min{1, dε}. To guarantee a
final-answer error at most δ, it suffices to have

∑
i P(Ei) ≤ δ; equal per-step bounds of δ/d are one

way to ensure this.

8.4 The path-star task hides parity in its first decision

A path-star graph consists of several directed paths that share a center. An example supplies the
shuffled edge list, the center, a designated leaf, and the center-to-leaf path. During forward teacher
forcing, the model receives the true preceding path token. Once the first edge has been chosen, each
internal node has a unique outgoing edge along its arm. A predictor can therefore learn almost
every next-token prediction while still guessing which arm contains the goal.

The remaining first decision can encode full parity. Given bits b1, . . . , bq−1, use vertices
−q, . . . ,−1, 0, 1, . . . , q. Connect 0 to both 1 and −1. For 1 ≤ i < q, add

edge from i edge from − i

bi = 0 i→ i+ 1 −i→ −(i+ 1)
bi = 1 i→ −(i+ 1) −i→ i+ 1.
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0

1

−1

2

−2

3

−3

4

−4

4center goal

b1 = 1 b2 = 0 b3 = 0

0 −→ −1 −→ 2 −→ 3 −→ 4

Figure 1: The two-arm path-star for (b1, b2, b3) = (1, 0, 0). The highlighted path reaches goal 4.
Since 1⊕ 0⊕ 0 = 1, its first vertex is −1. Each later step follows a unique outgoing edge.

Figure 1 shows the construction for three bits. It also marks the first branch that must be chosen
to reach the designated goal.

Each bit equal to one switches the sign of the current vertex. Therefore the path that starts
with s ∈ {−1, 1} reaches the leaf sq(−1)b1+···+bq−1 . To reach the goal q, its first step must be{

1, b1 ⊕ · · · ⊕ bq−1 = 0,

−1, b1 ⊕ · · · ⊕ bq−1 = 1.
(8.34)

Predicting the correct first edge on every graph in this family computes full parity. The example
separates high average teacher-forced accuracy from learning the decision needed to generate the
correct path. Backward or intermediate supervision reveals information about the goal arm before
the first forward decision.

8.5 Optional reading: a constructed transformer learns retrieval
and XOR

The composition in Section 8.3 supplied the connections between copies of the XOR rule. A sequence
model must learn which input to retrieve as well as how to combine it with the current state. The
following construction trains both components with intermediate labels. Its three updates have
distinct roles: create a retrieval signal, concentrate attention, and fit the local output rule.

The supervised sequence. Keep d for the number of input bits. Fix

I = {d+ 1, . . . , d+ k}, s : I → [d] injective, S = s(I).

The teacher chooses s and supplies sequences with the running parities

bd+1 = 0, bi+1 = bi ⊕ bs(i), i ∈ I. (8.35)

Thus bd+k+1 =
⊕

j∈S bj . Let

Bs = {b ∈ {0, 1}d+k+1 : bd+1 = 0, bi+1 = bi ⊕ bs(i) for all i ∈ I}.

The training law PCoT is the law of the random sequence B = (B1, . . . , Bd+k+1) obtained from
independent uniform input bits B1, . . . , Bd and the recursion in Eq. (8.35). The student receives
these sequences; s is learned from them.
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At position i, the model receives the correct prefix b1:i and predicts bi+1. We use the signed label

yi(b) = 2bi+1 − 1 ∈ {−1, 1}.

A positive prediction score represents bit 1. Supplying the correct prefix at each supervised position
is teacher forcing.

The model. Let D ∈ N be the embedding dimension and m ∈ N the feed-forward width. For
each position i ∈ [d+ k] and bit a ∈ {0, 1}, draw an independent frozen embedding ei,a ∈ RD with

L(ei,a) = Unif
(
{−D−1/2, D−1/2}D

)
, vi(b) = ei,bi .

The trainable attention matrix is A ∈ RD×D. Its scores, causal attention weights, and retrieved
vector are

sji(A; b) = vj(b)
⊤Avi(b),

αji(A; b) =
exp sji(A; b)∑i
ℓ=1 exp sℓi(A; b)

, 1 ≤ j ≤ i,

ci(A; b) =

i∑
j=1

αji(A; b)vj(b). (8.36)

Set αji = 0 for j > i. The two arguments of the local computation enter separate blocks of the
feed-forward weight matrix:

W = [W tok W att] ∈ Rm×2D, W tok,W att ∈ Rm×D.

With fixed h ∈ Rm, the score at position i is

fW,A(b)i = h⊤
[
W

(
vi(b)
ci(A; b)

)]
+

= h⊤[W tokvi(b) +W attci(A; b)]+. (8.37)

Here ReLU acts coordinatewise. Concatenation gives the feed-forward layer separate access to the
current token and the attention output.

Initialization and training. The initialization is designed so that the current token selects the
ReLU gates before attention contributes to the score. For an even width m and an amplitude ϵ > 0,
set

A(0) = 0, (W att)(0) = 0,

(W tok)(0)r,: =
∑
i∈I

1∑
a=0

νr,i,ae
⊤
i,a, L(νr,i,a) = Unif{−ϵ, ϵ},

hr =

{
1/m, 1 ≤ r ≤ m/2,

−1/m, m/2 < r ≤ m.
(8.38)

All νr,i,a are independent of one another and of the embeddings. The embeddings and h remain
fixed. Both W and A are updated.
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For one sequence, the hinge loss summed over supervised positions is

ℓ(W,A; b) =
∑
i∈I

ℓi(W,A; b), ℓi(W,A; b) = [1− yi(b)fW,A(b)i]+.

For each t = 0, 1, 2, draw a fresh batch of n independent sequences B(t,1), . . . ,B(t,n) with law PCoT.
The three batches are mutually independent and independent of initialization. With ϑ = (W,A),
define

F̂t(W,A) =
1

n

n∑
a=1

ℓ(W,A;B(t,a)), ϑ(t+1) = ϑ(t) − ηt∇F̂t(ϑ(t)). (8.39)

The gradient updates all entries of both matrices at each step.

The next result states parameter scales for which these three simultaneous updates learn every
supervised prediction and the required retrieval map. All asymptotic statements concern sufficiently
large d.

Theorem 8.5.1 (Three-update parity learning under structured initialization). Fix δ ∈ (0, 1/2)
and a sufficiently small constant ϵ > 0, and set Λ = log(d/δ). Suppose

d

Λ5
≤ k ≤ d

Λ4
.

There are absolute constants Cbatch, cinit, cfinal > 0 such that the model, initialization, and updates in
Eqs. (8.36) to (8.39), with

D = ⌈kΛ11/10⌉, m = 4k, n = ⌈Cbatchϵ
−2dΛ20⌉,

η0 = η1 = cinit
mϵ

√
n

Λ
, η2 = cfinalkϵ,

satisfy, with probability at least 1− δ,

yi(b)fW (3),A(3)(b)i > 0,

αs(i),i(A
(3); b) ≥ 1− d−8

for every b ∈ Bs and i ∈ I. (8.40)

The probability includes the random embeddings, initialization signs, and three training batches.

The first inequality gives the correct next bit at every correct prefix. Starting from the supplied
input and bd+1 = 0, induction therefore gives the correct entire running-parity sequence during
generation. All three batches have the same sequence length d+ k + 1.

Proof outline. We need to establish correct retrieval and a positive signed output at every supervised
position. The proof tracks these quantities through the three updates. We give the gradient identities
and the estimates that connect the steps; the accompanying concentration arguments are in the
source identified in the bibliographical notes.

For fixed b ∈ Bs, abbreviate vi = vi(b) and c
(t)
i = ci(A

(t); b). Define the preactivation of unit r by

ρ
(t)
r,i (b) =

(
(W tok)(t)vi + (W att)(t)c

(t)
i

)
r
.

We will use the diagonal gate matrix

Γi,a = diag
(
I{νr,i,a > 0} : r ∈ [m]

)
.
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First update: the feed-forward weights acquire a retrieval signal. At initialization,
A(0) = 0 gives uniform attention:

αji(A
(0); b) =

1

i
, c

(0)
i =

1

i

i∑
j=1

vj .

The initialization separates the matching embedding from the remaining terms:

ρ
(0)
r,i (b) = νr,i,bi +

∑
j∈I, a∈{0,1}
(j,a)̸=(i,bi)

νr,j,a⟨ej,a, ei,bi⟩.

Concentration of the random sum gives, with high probability,

|ρ(0)r,i (b)− νr,i,bi | ≤ ϵ/4 =⇒ I{ρ(0)r,i (b) > 0} = I{νr,i,bi > 0}.

Thus the gates are Γi,bi . Since (W att)(0) = 0, the chain rule gives

∇AF̂0(W
(0), A(0)) = 0, A(1) = 0.

The output bounds give |fW (t),A(t)(b)i| < 1 at each gradient evaluation t = 0, 1, 2. Hence the hinge
derivative is −yi(b). At the first step the gradient through the attention-input block is

∇W attℓi(W
(0), A(0); b) = −yi(b)Γi,bih(c

(0)
i )⊤. (8.41)

Why does this gradient identify the required bit? Fix the initialization. For a with PCoT(Bi =
a) > 0, independence of the fresh input bit Bs(i) from the preceding running parity gives

EPCoT
[yi(B)vj(B) | Bi = a] =


(−1)a

2
(es(i),1 − es(i),0), j = s(i),

0, j ≤ i, j ̸= s(i).
(8.42)

Substituting c
(0)
i = i−1

∑
j≤i vj into Eq. (8.41) therefore yields

−EPCoT
[∇W attℓi(W

(0), A(0);B) | Bi = a] =
(−1)a

2i
Γi,ah(es(i),1 − es(i),0)

⊤.

This is the supervised signal for retrieving position s(i). The finite batch analysis controls the
sampling error and the sum of contributions from the different output positions.

Second update: the retrieval signal trains attention. The first update makes (W att)(1)

nonzero. The derivative of the score with respect to the attention output is now the vector

β
(1)
i,a = ((W att)(1))⊤Γi,ah ∈ RD.

For the active hinge loss, the chain rule and softmax derivative give

∇Aℓi = −yi(b)
i∑

j=1

⟨β(1)i,bi
, vj⟩∇Aαji,

∇Aαji = αji(vj − ci)v
⊤
i . (8.43)
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Both derivatives are evaluated at (W (1), A(1)). The alignment acquired in the first update now
increases the attention score of s(i). The main estimate for the second update is a uniform score gap

∆
(2)
i (b) := ss(i),i(A

(2); b)− max
j≤i
j ̸=s(i)

sji(A
(2); b) ≥ 20 log d.

The simultaneous feed-forward updates are controlled through the preactivations. The proof
bounds, uniformly over r, i, b,

|ρ(0)r,i (b)− νr,i,bi | ≤ ϵ/4, |ρ(t)r,i (b)− ρ
(0)
r,i (b)| ≤ ϵ/4, t = 1, 2.

Since |νr,i,bi | = ϵ, the gates remain Γi,bi through both preparatory updates. These inequalities
quantify why the changes in attention and in the feed-forward weights can coexist.

Third update: the retrieved bit determines the local output. A score gap ∆ implies

1− αs(i),i =

∑
j ̸=s(i) exp(sji − ss(i),i)

1 +
∑

j ̸=s(i) exp(sji − ss(i),i)

≤ (i− 1)e−∆.

With i ≤ d+ k ≤ 2d and ∆ ≥ 10 log d, this is at most d−8. Since every embedding has norm one, it
also gives

∥ci − es(i),bs(i)∥ ≤ 2(1− αs(i),i) ≤ 2d−8.

The feed-forward input is therefore close to the pair (ei,bi , es(i),bs(i)). Its target is the four-case map

(bi, bs(i)) 7→ bi ⊕ bs(i).
The third update fits this map. The final estimates have the form∣∣∣fW (3),A(3)(b)i −

ϵ

3
yi(b)

∣∣∣ < ϵ

3
, ∆

(3)
i (b) ≥ 10 log d.

The first inequality gives yi(b)fW (3),A(3)(b)i > 0; the second preserves the retrieval bound during the
final simultaneous update. The initialization and batch concentration estimates make the bounds
hold jointly with probability at least 1− δ.

The frozen embeddings, concatenated inputs, zero attention branch, hinge loss, and three pre-
scribed learning rates are substantive assumptions of this construction. Its range k ≤ d/ log4(d/δ) < d
covers sparse parities. The full-parity construction in Section 8.3 has k = d and supplies the retrieval
connections explicitly.

8.6 Take-home messages

• At isotropic Gaussian parameters, every parity-dependent gradient coordinate is controlled by a
high-degree threshold correlation. Averaging over the parameter law makes the complete gradient
norm exponentially small.

• The Gaussian comparison walk has small gradients at every step with high probability. The KL
chain rule, Pinsker’s inequality, and a coupling show that the trained trajectory has nearly the
same law. The symmetry obtained by flipping a parity input coordinate gives the classification-risk
bounds.
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• Running-parity labels replace one degree-d final target by repeated examples of a two-bit rule
while preserving the original final answer.

• A complete sequence learner must also retrieve the correct arguments and control error during
rollout. The path-star reduction and the three-update transformer theorem isolate these additional
requirements.

• The transformer theorem proves that the components can cooperate under a structured architec-
ture, initialization, and update schedule. These assumptions limit what the theorem says about
ordinary training.

Endnotes

1. Zero network outputs. Gaussian parameters can give the network output positive probability of
being zero. For each fixed x, the m independent centered Gaussian margins are all negative
with probability 2−m; on that event every ReLU is zero. The proof of Theorem 8.1.2 works
with either fixed binary value for sign(0).

2. General activations. Exercise 2 asks you to extend the lower bound using the nonnegative series
coefficients of Gaussian activation kernels, parity cancellation, and bounds on Gaussian second
moments.

Bibliographical notes

The fixed-parity lower bound, Gaussian threshold estimate, Gaussian-gradient bound, and trajectory
comparison are based on Shoshani and Shamir [2025]. The running-parity transformer theorem
and its three-update proof are from Wen et al. [2025], Theorem 3 and Appendix B.4–B.5. In
Section 8.5, d denotes their input length, D the embedding dimension, m the full feed-forward
width, and n the number of examples per batch. The constants in the hyperparameter choices
are suppressed; the dimensions, initialization, loss, and three simultaneous updates are explicit.
The concentration estimates omitted from the proof outline control the embedding inner products,
initialization gates, and batch correlations. Kim and Suzuki [2025] prove a different positive result
using a tree-structured parity decomposition in another simplified transformer model. The path-star
reduction and the forward-prediction shortcut are from Hu et al. [2025].

Exercise 2 asks you to extend the fixed-parity argument to general activations. The Gaussian
kernel expansion supplied in the exercise follows from the Hermite expansion identity in Daniely et
al. [2016], Section 8.

Exercise 4 asks you to identify the derivative features whose label correlations determine a
gradient step, and to quantify the sampling error in estimating one correlation. Exercise 5 develops
the signed, bias-free single-neuron squared-loss example from Shoshani and Shamir [2025]. Its
supplied estimates are the zero-bias Gaussian threshold bound and the majority coefficient used
in their weak-learning construction. Exercise 6 asks you to prove convergence when learning the
output weights of a fixed two-bit gate, and then compose the learned rule.

The memory theorem supplied in Exercise 7 follows from Lyu et al. [2023], Theorem 6 and the
sparse-parity example in Section 3.3. It concerns recovery of a uniformly unknown subset from
random examples. Wen et al. [2025], Theorem 2 and Appendix B.3, apply this type of memory
bound to finite-precision transformer training.
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Glossary

Fourier character
For B ⊆ [d], the Boolean-cube function χB(x) =

∏
j∈B xj . Its degree is |B|.

Gaussian comparison walk
The parameter process obtained by retaining the Gaussian initialization and increments while
deleting the gradient drift.

Hinge loss
For a score f and signed label y ∈ {−1, 1}, the loss [1− yf ]+.

Intermediate supervision
Training labels reveal intermediate computations whose final result is the original target behavior.

Parameter derivative features
The coordinates of Φθ(x) = ∇θNθ(x). Their label correlations determine the correlation-objective
gradient.

Running parity
The partial XOR zi = b1 ⊕ · · · ⊕ bi.

Streaming learner
A learner that processes examples in order while retaining a bounded state between examples.
A q-pass learner traverses the same sequence q times.

Teacher forcing
Training each next-token prediction using the correct preceding tokens.

Teacher-forced error
An incorrect prediction when the correct prefix is supplied: Ei = {gi(X,Z<i) ̸= Zi} in Proposi-
tion 8.3.2.

Transition kernel
A law for the next state at each history. Here Pt( · | ϑ0:t) and Rt( · | ϑ0:t) are Gaussian conditional
laws.

Trajectory law
The joint law of the complete parameter sequence from initialization through the last update.

8.7 Exercises

General instructions. Justify every answer, including yes/no answers, even when the question
does not explicitly ask for a justification.

Exercise profiles. Filled mountains show difficulty on a four-mountain scale: one is a direct
application, two uses a familiar method, three combines ideas, and four is a substantial challenge.
Filled cogs show technical load on a three-cog scale: one is light, two is sustained, and three is
dense. Filled hourglasses show estimated time: one is under 20 minutes, two is 20–45 minutes,
three is 45–90 minutes, and four is more than 90 minutes. Pale pictograms show the unused part of
each scale. The work row uses the canonical order { proof, y calculation, « construction, Ð
computation, and Û interpretation; pale icons mark work types not used. ◎ marks the intended
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learning outcome. Time estimates cover the non-optional parts. Ratings are not prerequisites or
grading weights. A superscript asterisk marks an exercise based on supplementary lecture material;
it is not a difficulty rating and does not make the exercise optional when assigned.

Exercise 1: From small gradients to close trajectory laws.UU UU

ÓÓ Ó

Ý Ý Ý Ý

{ y «ÐÛ

◎ Combine Gaussian KL, Pinsker’s inequality, and a coupling to compare two stochastic optimization
trajectories.

Let F : Rp → R be differentiable, and fix T ∈ N, η, σ, ε > 0. Let the Rp-valued random vectors
Θ0,Ξ0, . . . ,ΞT−1 be mutually independent, with

L(Θ0) = N (0, σ2Ip), L(Ξt) = N (0, σ2Ip).

Define

[g]ε =

{
0, ∥g∥ ≤ ε,

g, ∥g∥ > ε,

and, using the same initialization and increments, define three processes by

Θt+1 = Θt − η∇F (Θt)− Ξt,

Θ0 = Θ0, Θt+1 = Θt − η[∇F (Θt)]ε − Ξt,

Θ
(0)
0 = Θ0, Θ

(0)
t+1 = Θ

(0)
t − Ξt, 0 ≤ t < T.

For any process V0, . . . , VT , write V0:T = (V0, . . . , VT ). Let

P = L(Θ0:T ), R = L(Θ0:T ), G = L(Θ(0)
0:T ).

Suppose

P
(

max
0≤t≤T

∥∇F (Θ(0)
t )∥ > ε

)
≤ δ.

(a) For a fixed common history ϑ0:t, compute the KL divergence between the next-step Gaussian
kernels of P and R. Use the KL chain rule to prove

D(P,R) ≤ Tη2ε2

2σ2
.

(b) Apply Pinsker’s inequality to prove

TV(P,R) ≤ ηε
√
T

2σ
.

(c) Couple the auxiliary process and the Gaussian walk by using the same initial condition and
Gaussian increments. Prove TV(R,G) ≤ δ.

(d) Combine the two bounds to obtain a bound on TV(P,G). Then, for positive d,A, k, substitute
ε = e−k/18, δ = (T + 1)e−k/18, and

η
√
T

2σ
+ T + 1 ≤ 3d5A/2, 3d5A/2 ≤ ek/36,

to prove
TV(P,G) ≤ e−k/36.
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Hints For (a), Gaussians with common covariance σ2I and means µ, ν have KL divergence
∥µ− ν∥2/(2σ2). For (c), use the defining rule for the clipped gradient and argue by induction on
time.

Exercise 2: Activation properties behind the parity lower bound.*UU UU

ÓÓ Ó

Ý Ý Ý Ý

{ y «ÐÛ

◎ Identify the kernel expansion and moment bounds that make the parity obstruction persist across activation
functions.

Let d > 30, fix S ⊆ [d] with k = |S| ≥ 2, and let X be uniform on {−1, 1}d. Replace the ReLU
activation in Section 8.1 by a continuously differentiable function ϕ : R → R:

Nθ(x) =
m∑
r=1

urϕ(w
⊤
r x+ br), F (θ) = −E[χS(X)Nθ(X)].

The parameter vector is θ = (ur, wr, br)
m
r=1 ∈ Rp, where p = m(d+ 2). For a function ψ : R → R,

define

qψB(w, b) = E[χB(X)ψ(w⊤X + b)], B ⊆ [d], (w, b) ∈ Rd × R.

Let G be standard normal and, for τ > 0, write

sτ = τ
√
d+ 1, Mψ(τ) = E[ψ(sτG)2].

You may use the following Gaussian kernel identity without proof. Whenever Mψ(τ) <∞, there
are coefficients aℓ ≥ 0 such that, for a centered jointly Gaussian pair (G1, G2) with unit variances
and correlation ρ ∈ [−1, 1],

E[ψ(sτG1)ψ(sτG2)] =
∑
ℓ≥0

aℓρ
ℓ,

∑
ℓ≥0

aℓ =Mψ(τ).

You may also use the moment estimate from the proof of Lemma 8.2.2: if Z is uniform on {−1, 1}d
and V = (1 +

∑
i Zi)/(d+ 1), then

E[|V |j ] ≤ 4e−j/4, 1 ≤ j ≤ d.

(a) Let (W,C) have law N (0, τ2Id+1), independently of X. For every nonempty B ⊆ [d] and every
ψ with Mψ(τ) <∞, prove

E[qψB(W,C)
2] ≤ 4Mψ(τ)e

−|B|/4.

Identify the roles of parity degree, nonnegativity of the kernel coefficients, and their finite sum
in your argument.

(b) Let L(Θ) = N (0, τ2Ip) and assume Mϕ(τ),Mϕ′(τ) < ∞. Derive the partial derivatives of F
and prove

E[∥∇F (Θ)∥2] ≤ 4me−(k−1)/4
(
Mϕ(τ) + (d+ 1)τ2Mϕ′(τ)

)
.

(c) Use the initialization and independent Gaussian perturbations from Section 8.1 to define the
processes in Eqs. (8.3) and (8.4) for this objective. Write

P = L(Θ0, . . . ,ΘT ), G = L(Θ(0)
0 , . . . ,Θ

(0)
T ), τt = σ

√
t+ 1.
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Assuming the moments in part (b) are finite at every τt, prove

TV(P,G) ≤ η
√
m

σ
e−(k−1)/8

(
T−1∑
t=0

(
Mϕ(τt) + (d+ 1)τ2tMϕ′(τt)

))1/2

.

Now suppose, for fixed C0 ≥ 1 and r ≥ 0, that

|ϕ(z)|+ |ϕ′(z)| ≤ C0(1 + |z|)r for every z ∈ R.

Show that for every A > 0 there is a constant BA > 0, depending only on A,C0, r, such that

m,T, η, σ, σ−1 ≤ dA, k ≥ BA log d =⇒ TV(P,G) ≤ e−k/16.

Deduce both classification-risk conclusions of Theorem 8.1.2, with e−k/16 replacing e−k/36.

Hints For (a), introduce an independent copy X ′ of X and compare the Gaussian margins at X
and X ′. For (b), calculate the derivatives before bounding their second moments. For (c), consider
D(G,P): which process supplies the history in the KL chain rule?

Exercise 3: Parity orthogonality and polynomial degree.UU UU

ÓÓ Ó

Ý Ý Ý Ý

{ y «ÐÛ

◎ Explain why a polynomial of low degree has zero correlation with a higher-degree parity under uniform
inputs.

Let X be uniform on {−1, 1}d and put χ∅(x) = 1.

(a) Prove that, for all B,C ⊆ [d],

E[χB(X)χC(X)] = I{B = C}.

Deduce that the 2d functions χB form an orthonormal basis for the vector space of real functions
on {−1, 1}d, with inner product ⟨f, g⟩ = E[f(X)g(X)].

(b) Let B ̸= ∅, and let p : Rd → R be a polynomial of total degree less than |B|. Prove

E[χB(X)p(X)] = 0.

Your argument must allow repeated powers of a coordinate in a monomial.

Hints For (a), simplify χB(x)χC(x). For (b), first consider one monomial; use X2
j = 1.

Exercise 4: Which correlations determine the gradient?UU UU

ÓÓ Ó

Ý Ý Ý Ý

{ y «ÐÛ

◎ Identify the features that govern a local gradient step and quantify the sampling error in estimating their
correlations.

Use the ReLU network, fixed parity Y = χS(X), and objective F from Section 8.1. Fix θ such that
w⊤
r x+ br ̸= 0 for all r ∈ [m] and x ∈ {−1, 1}d. Define the vector of parameter derivative features

Φθ(x) = ∇θNθ(x) ∈ Rp.

(a) Prove

max
∥v∥≤1

lim
t↓0

F (θ)− F (θ + tv)

t
= ∥E[Y Φθ(X)]∥.

Give a maximizing v, including the case when the expectation is zero. Explain the meaning of
an upper bound ∥E[Y Φθ(X)]∥ ≤ ε for first-order improvement in a unit parameter direction.



Last revised: 2026-10-02 22:54 UTC-06:00

8–20 Lecture 8: Distribution shift and helping models learn, continued

(b) Write the coordinates of Φθ(x) corresponding to ur, wrj , and br. Express their correlations
with Y using qB(w, b) = E[χB(X)I{w⊤X + b > 0}]:

E[Y Φθ,ur(X)] =
d∑
j=1

wrjqS△{j}(wr, br) + brqS(wr, br),

E[Y Φθ,wrj
(X)] = urqS△{j}(wr, br),

E[Y Φθ,br(X)] = urqS(wr, br).

Identify which coordinates are the hidden-unit outputs and which involve the activation
indicators.

(c) Fix w ∈ Rd such that w⊤x ≠ 0 for every cube point x, and fix j ∈ [d]. Let X(1), . . . , X(n) be
independent uniform cube points and set

q = qS△{j}(w, 0), q̂n =
1

n

n∑
i=1

χS(X
(i))X

(i)
j I{w⊤X(i) > 0}.

Prove

E[(q̂n − q)2] =
1/2− q2

n
.

If 0 < |q| ≤ e−ck ≤ 1/2, where c > 0, prove that the requirement
√
E[(q̂n − q)2] ≤ |q| implies

n ≥ e2ck/4.

Hints For (a), differentiate along the line θ + tv. For (b), use [z]+ = zI{z > 0} and χS(x)xj =
χS△{j}(x). For (c), pair x with −x when calculating the second moment of one summand.

Exercise 5: A squared-loss improvement that gradient training misses.*UU UU

ÓÓ Ó

Ý Ý Ý Ý

{ y «ÐÛ

◎ Extend the Gaussian trajectory comparison to an objective with a linear label-independent gradient term.

Let X be uniform on {−1, 1}d, let Y = χS(X), and assume k = |S| ≥ 4 is even. Set s = (−1)(k−2)/2

and define

fw(x) = s[w⊤x]+, c(w) = E[Y fw(X)], L(w) = E[(fw(X)− Y )2], w ∈ Rd.

Use the ReLU backpropagation rule from Section 8.1. You may use these two estimates without
proof:

sE[Y [1⊤SX]+] ≥
1

4
√
k
,

and, for every τ > 0 and B ⊆ [d] with |B| ≥ 2,

L(W ) = N (0, τ2Id) =⇒ E[qB(W, 0)2] ≤ 8e−|B|/4.

Here 1S = (I{j ∈ S})dj=1, and qB is the threshold coefficient defined in the lecture. The first estimate
is a Fourier coefficient of the unweighted sum; the second is the version of Lemma 8.2.2 with zero
bias.

(a) Prove

L(w) = 1 + 1
2∥w∥

2 − 2c(w), L

(
1S

2k3/2

)
≤ 1− 1

8k2
.

Thus the model admits an inverse-polynomial improvement over L(0) = 1.
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(b) Derive

∇L(w) = w − 2s
(
qS△{j}(w, 0)

)d
j=1

.

Fix 0 < η < 2, σ > 0, and T ∈ N. Let W0,Ξ0, . . . ,ΞT−1 be mutually independent with law
N (0, σ2Id) and independent of X. Define

Wt+1 =Wt − η∇L(Wt)− Ξt, V0 =W0, Vt+1 = (1− η)Vt − Ξt.

Prove that

L(Vt) = N (0, τ2t Id), τ2t = σ2
t∑

j=0

(1− η)2j ≤ σ2(t+ 1).

(c) With P = L(W0, . . . ,WT ) and G = L(V0, . . . , VT ), prove

TV(P,G) ≤ η
√
8dT

σ
e−(k−1)/8.

Also prove
E[|c(VT )|] ≤

√
8σ

√
T + 1 d e−(k−1)/8.

(d) Prove that, for every A > 0, there is a constant BA = O(A+ 1) such that, whenever

d > 30, T, σ, σ−1 ≤ dA, k ≥ BA log d,

the trained neuron satisfies

P
(
L(WT ) ≥ 1− e−k/32

)
≥ 1− e−k/32.

Compare the improvement allowed by this bound with the improvement achieved in (a), as
k → ∞.

Hints For (a), pair X with −X to evaluate the second moment of a ReLU. For (c), apply the KL
chain rule to D(G,P). To bound the final correlation, expand [w⊤X]+ and use Cauchy–Schwarz.
For (d), first bound the probability that L(VT ) < 1− e−k/32, and then transfer the event between
the two laws.

Exercise 6: Learn a two-bit rule and compose it.UU UU

ÓÓ Ó

Ý Ý Ý Ý

{ y «ÐÛ

◎ Prove convergence for a locally supervised gate and transfer its correctness to a multistep computation.

For a, b ∈ {0, 1}, fix

ϕ(a, b) =

(
[a+ b]+

[a+ b− 1]+

)
, gu(a, b) = u⊤ϕ(a, b), u ∈ R2.

Only the two output weights u are trained. With equal weight on the four input pairs, let

L(u) =
1

4

∑
a,b∈{0,1}

(gu(a, b)− (a⊕ b))2.

(a) Prove that the unique minimizer is u⋆ = (1,−2)⊤ and that L(u⋆) = 0. Derive

∇2L(u) = H =

(
3 1
1 1/2

)
, λmin(H) =

7−
√
41

4
, λmax(H) =

7 +
√
41

4
.
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(b) For any initial u0 ∈ R2, run ut+1 = ut − η∇L(ut) with η = 1/λmax(H). Prove

∥ut − u⋆∥ ≤ rt∥u0 − u⋆∥, r = 1− λmin(H)

λmax(H)
∈ (0, 1).

Let ĝt(a, b) = I{gut(a, b) ≥ 1/2}. Show that ĝt(a, b) = a ⊕ b on all four inputs whenever√
5 rt∥u0 − u⋆∥ < 1/2.

(c) For b1:d ∈ {0, 1}d, define ẑ1 = b1 and ẑi = ĝt(ẑi−1, bi) for 2 ≤ i ≤ d. Prove that the condition
in (b) gives ẑd = b1 ⊕ · · · ⊕ bd for every input. State separately which components are fixed by
the construction and which are learned. Your answer must account for the two ReLU features
ϕ, the threshold at 1/2, the recurrent connections that feed (ẑi−1, bi) to the next gate, and the
output-weight vector u.

Hints For (a), evaluate ϕ on the four input pairs. For (b), write the recurrence for ut − u⋆ and
use an orthonormal eigenbasis of the symmetric matrix H. For (c), use induction over the output
positions.

Exercise 7: Random examples, memory, and teacher-chosen examples.*UU UU

ÓÓ Ó

Ý Ý Ý Ý

{ y «ÐÛ

◎ Identify the roles of working memory, target uncertainty, and control of examples in a parity-learning
lower bound.

An unknown set S ⊆ [d] has size k ≤ d/2. A labeled example is (U, V ) ∈ Fd2 × F2, with

V =
∑
j∈S

Uj (mod 2).

A streaming learner processes the examples in order, keeping a state of at most M bits between
examples. In a q-pass algorithm it traverses the same sequence q times in the same order.

You may use the following consequence of the constant-pass learning theorem without proof. Fix
q ∈ N. Choose S uniformly among the k-subsets, and independently choose the input examples
uniformly and independently from Fd2. If k → ∞ and M = o(dk), then achieving P(Ŝ = S) ≥ 2/3
requires 2Ω(k) examples. The constants may depend on q.

(a) Suppose all state retained by a training algorithm can be stored in O(D2 +Dm) numbers of
O(log d) bits each. Set

k =

⌊
d

(log d)4

⌋
, D =

⌈
k(log d)11/10

⌉
, m = 2k.

As d→ ∞, show that the memory bound is o(dk) and that the theorem requires more than
any polynomial number of random examples to recover S with probability at least 2/3 in a
fixed number of passes.

(b) A linear-system learner can store n = d+ 2 examples in an augmented matrix over F2. State
its storage in bits and explain why its polynomial sample guarantee is consistent with the
stated lower bound. You may use the Lecture 7 guarantee P(Ŝ ̸= S) < 2d−n and an in-place
linear-system solver. Next, construct a teacher-chosen set of d inputs that permits exact
recovery of every S while retaining only O(d) bits. The teacher chooses the inputs before
seeing any labels.



Last revised: 2026-10-02 22:54 UTC-06:00

Lecture 8: Distribution shift and helping models learn, continued 8–23

(c) Compare the supplied memory theorem with the fixed-parity result in Theorem 8.1.2. State,
for each, the quantifier on S and the restrictions on the learner. Explain why the memory
theorem permits the teacher-chosen protocol in (b), and why it cannot establish failure for a
learner told S in advance.

Hints For (a), divide (D2 +Dm) log d by dk. For (b), consider the standard basis of Fd2. For (c),
distinguish information supplied to the learner from knowledge held by the person choosing the
task.

8.A The Taylor expansion of arcsine

The threshold-correlation proof uses the following expansion on the entire interval [−1, 1], including
its endpoints.

Proposition 8.A.1 (Arcsine series). For every v ∈ [−1, 1],

arcsin v =

∞∑
ℓ=0

aℓv
ℓ, a2n = 0, a2n+1 =

(
2n
n

)
4n(2n+ 1)

, n ≥ 0.

The coefficients satisfy aℓ ≥ 0 and
∑

ℓ≥0 aℓ = π/2. The series converges absolutely and uniformly
on [−1, 1].

Proof. We obtain the expansion by integrating the Taylor series of (arcsin t)′ = (1− t2)−1/2, then
justify convergence at the endpoints. Set f(z) = (1 − z)−1/2 for z < 1. Its Taylor coefficients at
zero are

c0 = 1, cn =
f (n)(0)

n!
=

1 · 3 · · · (2n− 1)

2nn!
=

(
2n
n

)
4n

≤ 1 (n ≥ 1).

Repeated differentiation gives f (n)(z) = n!cn(1− z)−n−1/2. To show that the Taylor series equals f
throughout 0 ≤ z < 1, use Taylor’s theorem with the integral remainder:

f(z)−
N∑
n=0

cnz
n =

1

N !

∫ z

0
f (N+1)(s)(z − s)N ds

= (N + 1)cN+1

∫ z

0

(
z − s

1− s

)N ds

(1− s)3/2
.

For 0 ≤ s ≤ z < 1, we have (z − s)/(1− s) ≤ z. Hence

0 ≤ f(z)−
N∑
n=0

cnz
n ≤ (N + 1)zN+1

(1− z)3/2
−→ 0.

Substituting z = t2 proves (1− t2)−1/2 =
∑

n≥0 cnt
2n for |t| < 1. For every 0 < r < 1, the bound

|cnt2n| ≤ r2n on [−r, r] gives uniform convergence there. We may therefore integrate term by term:

arcsin v =

∫ v

0

dt√
1− t2

=

∞∑
n=0

cn
2n+ 1

v2n+1, |v| < 1.

This gives the stated coefficients. Their nonnegativity allows monotone convergence as v ↑ 1:
∞∑
n=0

cn
2n+ 1

= lim
v↑1

∞∑
n=0

cn
2n+ 1

v2n+1 = lim
v↑1

arcsin v =
π

2
.

Thus the expansion holds at v = 1, and oddness gives equality at v = −1. Finally, |aℓvℓ| ≤ aℓ on
[−1, 1], so the finite coefficient sum gives absolute and uniform convergence on the whole interval.
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